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Building Mathematical Functions

Function Approximation

<latexit sha1_base64="AA/latIQfoV7vERIDRVCWdrVyZs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48eAhAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqoe9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmucV76pyWb8oV+/zOApwDCdwBh5cQxXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB9EzjP4=</latexit>

f <latexit sha1_base64="6GufMriLXBdgZ/qNiQ88yu1mJpI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48eAhAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqqteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+Uq/d5HAU4hhM4Aw+uoQp3UIMGMEB4hld4cx6dF+fd+Zi3rjj5zBH8gfP5A+NjjQo=</latexit>r
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Building Mathematical Functions

Function Approximation

<latexit sha1_base64="AA/latIQfoV7vERIDRVCWdrVyZs=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48eAhAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqoe9UtmtuDOQZeLlpAw5ar3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aETcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU1442dcJqlByeaLwlQQE5Pp16TPFTIjxpZQpri9lbAhVZQZm03RhuAtvrxMmucV76pyWb8oV+/zOApwDCdwBh5cQxXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB9EzjP4=</latexit>

f <latexit sha1_base64="6GufMriLXBdgZ/qNiQ88yu1mJpI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48eAhAfOAZAmzk95kzOzsMjMrhCVf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqqteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1W5rF+Uq/d5HAU4hhM4Aw+uoQp3UIMGMEB4hld4cx6dF+fd+Zi3rjj5zBH8gfP5A+NjjQo=</latexit>r
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<latexit sha1_base64="Bo8WsCs9ZxeKLXRfcyKN4u5TYIA="></latexit>

k(f � r)/fk1,[a,b] 6 "approx

‣ relative error optimization on         :
<latexit sha1_base64="ueI03x7iAKr+S1CRJBX+b3w0hdA=">AAACQnicbVDLSsNAFJ3UV62vVpdugkV0ISURX8tCNy4rmLbQhjKZ3rRDZyZhZiKU0G9wq//jT/gL7sStC6dtQNN64MLhnHs5lxPEjCrtOO9WYW19Y3OruF3a2d3bPyhXDlsqSiQBj0Qskp0AK2BUgKepZtCJJWAeMGgH48bMbz+BVDQSj3oSg8/xUNCQEqyN5HXxReD3y1Wn5sxhrxI3I1WUodmvWGe9QUQSDkIThpXquk6s/RRLTQmDaamXKIgxGeMhdA0VmIPy0/m3U/vUKAM7jKQZoe25+vcixVypCQ/MJsd6pJa9mfivF/ClZB3e+SkVcaJBkEVwmDBbR/asCntAJRDNJoZgIqn53SYjLDHRprB8KhtGZmGUD/iVKckbIBJONfCpqdZdLnKVtC5r7k3t+uGqWm9kJRfRMTpB58hFt6iO7lETeYggip7RC3q13qwP69P6WqwWrOzmCOVgff8A2hSxwg==</latexit>

[a, b]
<latexit sha1_base64="jtIkTbGRMeox9c3RyN0NYH1KMTs=">AAACRXicbVDLSgNBEJz1GeMr0aOXxSB6Crvi6xjIxYOHCOYBSQyzk95kyMzsMtMrhJCf8Kr/4zf4Ed7Eq06SBU1iQUNR1U01FcSCG/S8d2dldW19YzOzld3e2d3bz+UPaiZKNIMqi0SkGwE1ILiCKnIU0Ig1UBkIqAeD8sSvP4E2PFIPOIyhLWlP8ZAzilZq3D22uApx2MkVvKI3hbtM/JQUSIpKJ++ctroRSyQoZIIa0/S9GNsjqpEzAeNsKzEQUzagPWhaqqgE0x5NHx67J1bpumGk7Sh0p+rfixGVxgxlYDclxb5Z9Cbiv14gF5IxvGmPuIoTBMVmwWEiXIzcSRtul2tgKIaWUKa5/d1lfaopQ9vZfKroRXahPx/wK3M2b4BKJEeQY1utv1jkMqmdF/2r4uX9RaFUTkvOkCNyTM6IT65JidySCqkSRgR5Ji/k1XlzPpxP52u2uuKkN4dkDs73Dyi/s2k=</latexit>

L1norm
<latexit sha1_base64="ZZgvMsNLZY+iSVT0fKiF9NBLLI0="></latexit>

kgk1,[a,b] = sup
x2[a,b]

|g(x)|

‣evaluation error analyzed a posteriori



The Approximation: Polynomial vs Rational
Polynomials Rational Functions

<latexit sha1_base64="4ykDjGnT6REED8/PnQiGDJquwgU=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQEUtGfG0KBV24rGAf0KZhMp22QyeTMDORlpClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hi9kVCrb/jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEhSRjlpKqoYqQRCoJ8j5G6N7ge+/UHIiQN+L0ahcTxUY/TLsVIack190VheFRqych3Y1qCSTvmxzAJXTpsx/QEJq6Zt4v2BNY8gSnJgxQV1/xqdQIc+YQrzJCUTWiHyomRUBQzkuRakSQhwgPUI01NOfKJdOLJI4l1qJWO1Q2ELq6sifp7Ika+lCPf050+Un05643F/7xmpLpXTkx5GCnC8XRRN2KWCqxxKlaHCoIVG2mCsKD6Vgv3kUBY6exyOgQ4+/I8qZ0W4UXx/O4sX75J48iCPXAACgCCS1AGt6ACqgCDR/AMXsGb8WS8GO/Gx7Q1Y6Qzu+APjM8fvv2ZMQ==</latexit>

r(x) =
n+1X

i=1

pix
i�1
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<latexit sha1_base64="vCLfXT6yYfO4f6kzXDBiKu6wWqU=">AAACK3icbZDLSgMxFIYz9VbrbdSlm8EiVMQyI942haIuXFawF+hlyKSZNjTJjElGWoZ5Hze+igtdeMGt72F6AW31QODn/87h5PxeSIlUtv1upObmFxaX0suZldW19Q1zc6sig0ggXEYBDUTNgxJTwnFZEUVxLRQYMo/iqte7HPLqPRaSBPxWDULcZLDDiU8QVNpyzQuR6+8XGr6AKG7IiLkxKThJK2YHThK6pN+KyaGTJFOMa3b3w1wza+ftUVl/hTMRWTCpkms+N9oBihjmClEoZd2xQ9WMoVAEUZxkGpHEIUQ92MF1LTlkWDbj0a2JtaedtuUHQj+urJH7eyKGTMoB83Qng6orZ9nQ/I/VI+WfN2PCw0hhjsaL/IhaKrCGwVltIjBSdKAFRILov1qoC3VuSseb0SE4syf/FZWjvHOaP7k5zhavJnGkwQ7YBTnggDNQBNegBMoAgQfwBF7Bm/FovBgfxue4NWVMZrbBVBlf3x9QqEM=</latexit>

r(x) =

Pm+1
i=1 pixi�1

Pn+1
i=1 qixi�1



The Approximation: Polynomial vs Rational
Polynomials Rational Functions

<latexit sha1_base64="4ykDjGnT6REED8/PnQiGDJquwgU=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQEUtGfG0KBV24rGAf0KZhMp22QyeTMDORlpClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hi9kVCrb/jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEhSRjlpKqoYqQRCoJ8j5G6N7ge+/UHIiQN+L0ahcTxUY/TLsVIack190VheFRqych3Y1qCSTvmxzAJXTpsx/QEJq6Zt4v2BNY8gSnJgxQV1/xqdQIc+YQrzJCUTWiHyomRUBQzkuRakSQhwgPUI01NOfKJdOLJI4l1qJWO1Q2ELq6sifp7Ika+lCPf050+Un05643F/7xmpLpXTkx5GCnC8XRRN2KWCqxxKlaHCoIVG2mCsKD6Vgv3kUBY6exyOgQ4+/I8qZ0W4UXx/O4sX75J48iCPXAACgCCS1AGt6ACqgCDR/AMXsGb8WS8GO/Gx7Q1Y6Qzu+APjM8fvv2ZMQ==</latexit>

r(x) =
n+1X

i=1

pix
i�1

evaluation requires only     and         <latexit sha1_base64="gat+/aVQy/DjbNws8Pyk7vL+PI8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RjBPCBZwuxkNhkzO7PM9Aoh5B+8eFDEq//jzb9xkuxBEwsaiqpuuruiVAqLvv/trayurW9sFraK2zu7e/ulg8OG1ZlhvM601KYVUculULyOAiVvpYbTJJK8GQ1vp37ziRsrtHrAUcrDhPaViAWj6KRGB0XCbbdU9iv+DGSZBDkpQ45at/TV6WmWJVwhk9TaduCnGI6pQcEknxQ7meUpZUPa521HFXVLwvHs2gk5dUqPxNq4Ukhm6u+JMU2sHSWR60woDuyiNxX/89oZxjfhWKg0Q67YfFGcSYKaTF8nPWE4QzlyhDIj3K2EDaihDF1ARRdCsPjyMmmcV4KryuX9RblazeMowDGcwBkEcA1VuIMa1IHBIzzDK7x52nvx3r2PeeuKl88cwR94nz+40Y88</latexit>⇥<latexit sha1_base64="/449eaWnlVz7u3biBFV9G33Yor4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxritX9ctytZrHUYBjOIEz8OAGqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/dCuMtw==</latexit>

+ evaluation also requires <latexit sha1_base64="87h9HYFa7UJjzc2cSGByJYVdVtY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Ae0oWw2m3bp7ibsbgol9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcp/73SlVmsXyycwS6gs8kixiBJtcGoRsOqzW3Lq7AFonXkFqUKA1rH4NwpikgkpDONa677mJ8TOsDCOcziuDVNMEkwke0b6lEguq/Wxx6xxdWCVEUaxsSYMW6u+JDAutZyKwnQKbsV71cvE/r5+a6M7PmExSQyVZLopSjkyM8sdRyBQlhs8swUQxeysiY6wwMTaeig3BW315nXSu6t5NvfF4XWs2izjKcAbncAke3EITHqAFbSAwhmd4hTdHOC/Ou/OxbC05xcwp/IHz+QMZH45J</latexit>÷

Typical current CPU latencies for FP operations in nb. of cycles (adapted from [1])

[1] Floating-point arithmetic, S. Boldo and C.-P. Jeannerod and G. Melquiond and J.-M. Muller, Acta Numerica, 32:203–290, 2023.

‣ FP division is between three and ten times slower than FP addition/multiplication

3

<latexit sha1_base64="vCLfXT6yYfO4f6kzXDBiKu6wWqU=">AAACK3icbZDLSgMxFIYz9VbrbdSlm8EiVMQyI942haIuXFawF+hlyKSZNjTJjElGWoZ5Hze+igtdeMGt72F6AW31QODn/87h5PxeSIlUtv1upObmFxaX0suZldW19Q1zc6sig0ggXEYBDUTNgxJTwnFZEUVxLRQYMo/iqte7HPLqPRaSBPxWDULcZLDDiU8QVNpyzQuR6+8XGr6AKG7IiLkxKThJK2YHThK6pN+KyaGTJFOMa3b3w1wza+ftUVl/hTMRWTCpkms+N9oBihjmClEoZd2xQ9WMoVAEUZxkGpHEIUQ92MF1LTlkWDbj0a2JtaedtuUHQj+urJH7eyKGTMoB83Qng6orZ9nQ/I/VI+WfN2PCw0hhjsaL/IhaKrCGwVltIjBSdKAFRILov1qoC3VuSseb0SE4syf/FZWjvHOaP7k5zhavJnGkwQ7YBTnggDNQBNegBMoAgQfwBF7Bm/FovBgfxue4NWVMZrbBVBlf3x9QqEM=</latexit>

r(x) =

Pm+1
i=1 pixi�1

Pn+1
i=1 qixi�1



The Approximation: Polynomial vs Rational
Polynomials Rational Functions

<latexit sha1_base64="4ykDjGnT6REED8/PnQiGDJquwgU=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQEUtGfG0KBV24rGAf0KZhMp22QyeTMDORlpClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hi9kVCrb/jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEhSRjlpKqoYqQRCoJ8j5G6N7ge+/UHIiQN+L0ahcTxUY/TLsVIack190VheFRqych3Y1qCSTvmxzAJXTpsx/QEJq6Zt4v2BNY8gSnJgxQV1/xqdQIc+YQrzJCUTWiHyomRUBQzkuRakSQhwgPUI01NOfKJdOLJI4l1qJWO1Q2ELq6sifp7Ika+lCPf050+Un05643F/7xmpLpXTkx5GCnC8XRRN2KWCqxxKlaHCoIVG2mCsKD6Vgv3kUBY6exyOgQ4+/I8qZ0W4UXx/O4sX75J48iCPXAACgCCS1AGt6ACqgCDR/AMXsGb8WS8GO/Gx7Q1Y6Qzu+APjM8fvv2ZMQ==</latexit>

r(x) =
n+1X

i=1

pix
i�1

evaluation requires only     and         <latexit sha1_base64="gat+/aVQy/DjbNws8Pyk7vL+PI8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RjBPCBZwuxkNhkzO7PM9Aoh5B+8eFDEq//jzb9xkuxBEwsaiqpuuruiVAqLvv/trayurW9sFraK2zu7e/ulg8OG1ZlhvM601KYVUculULyOAiVvpYbTJJK8GQ1vp37ziRsrtHrAUcrDhPaViAWj6KRGB0XCbbdU9iv+DGSZBDkpQ45at/TV6WmWJVwhk9TaduCnGI6pQcEknxQ7meUpZUPa521HFXVLwvHs2gk5dUqPxNq4Ukhm6u+JMU2sHSWR60woDuyiNxX/89oZxjfhWKg0Q67YfFGcSYKaTF8nPWE4QzlyhDIj3K2EDaihDF1ARRdCsPjyMmmcV4KryuX9RblazeMowDGcwBkEcA1VuIMa1IHBIzzDK7x52nvx3r2PeeuKl88cwR94nz+40Y88</latexit>⇥<latexit sha1_base64="/449eaWnlVz7u3biBFV9G33Yor4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxritX9ctytZrHUYBjOIEz8OAGqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/dCuMtw==</latexit>

+ evaluation also requires <latexit sha1_base64="87h9HYFa7UJjzc2cSGByJYVdVtY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Ae0oWw2m3bp7ibsbgol9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcp/73SlVmsXyycwS6gs8kixiBJtcGoRsOqzW3Lq7AFonXkFqUKA1rH4NwpikgkpDONa677mJ8TOsDCOcziuDVNMEkwke0b6lEguq/Wxx6xxdWCVEUaxsSYMW6u+JDAutZyKwnQKbsV71cvE/r5+a6M7PmExSQyVZLopSjkyM8sdRyBQlhs8swUQxeysiY6wwMTaeig3BW315nXSu6t5NvfF4XWs2izjKcAbncAke3EITHqAFbSAwhmd4hTdHOC/Ou/OxbC05xcwp/IHz+QMZH45J</latexit>÷
more general and powerful 
(e.g. near singularities)

A classic theoretical example:

A more practical libm example:

<latexit sha1_base64="37hA6vH4GwT/ts1Ae58euLTy28s=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQoZZEfG2EghuXFewD0lAm00k7dDIJMxNpSOuvuHGhiFs/xJ1/47TNQlsPXDiccy/33uNFjEplWd9GbmV1bX0jv1nY2t7Z3TP3D5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oa3U7/1SISkIX9QSUTcAPU59SlGSktds+iXRyc349G4MupQ7pzaFdvtmiWras0Al4mdkRLIUO+aX51eiOOAcIUZktKxrUi5KRKKYkYmhU4sSYTwEPWJoylHAZFuOjt+Ao+10oN+KHRxBWfq74kUBVImgac7A6QGctGbiv95Tqz8azelPIoV4Xi+yI8ZVCGcJgF7VBCsWKIJwoLqWyEeIIGw0nkVdAj24svLpHlWtS+rF/fnpVotiyMPDsERKAMbXIEauAN10AAYJOAZvII348l4Md6Nj3lrzshmiuAPjM8f0OGTlw==</latexit>

f(x) = |x|, x 2 [�1, 1]

‣ asymptotic behavior:

‣ special function implementations (e.g. the SPECFUN [3] package)

[1] On the Bernstein Conjecture in Approximation Theory, R.S. Varga and A.J. Carpenter, Constr. Approx., 1:333–348, 1985. 
[2] Best Uniform Rational Approximation of on , H. Stahl, Math. USSR Sbornik, 183:85–118, 1992. 
[3] Algorithm 715: SPECFUN - A Portable FORTRAN Package Of Special Function Routines And Test Drivers, W. J. Cody, ACM TOMS, Vol. 19, No. 1, pp. 22–30, 1993.

|x | [−1, + 1]

[1]

[2]

<latexit sha1_base64="/eaEppmz9EpM4/ZCargfWsTPB6I="></latexit>

En,0(f) ⇠ �/n, � = 0.2801 . . .

En,n(f) ⇠ 8e�⇡
p
n.

3

approximates well analytic functions 

<latexit sha1_base64="vCLfXT6yYfO4f6kzXDBiKu6wWqU=">AAACK3icbZDLSgMxFIYz9VbrbdSlm8EiVMQyI942haIuXFawF+hlyKSZNjTJjElGWoZ5Hze+igtdeMGt72F6AW31QODn/87h5PxeSIlUtv1upObmFxaX0suZldW19Q1zc6sig0ggXEYBDUTNgxJTwnFZEUVxLRQYMo/iqte7HPLqPRaSBPxWDULcZLDDiU8QVNpyzQuR6+8XGr6AKG7IiLkxKThJK2YHThK6pN+KyaGTJFOMa3b3w1wza+ftUVl/hTMRWTCpkms+N9oBihjmClEoZd2xQ9WMoVAEUZxkGpHEIUQ92MF1LTlkWDbj0a2JtaedtuUHQj+urJH7eyKGTMoB83Qng6orZ9nQ/I/VI+WfN2PCw0hhjsaL/IhaKrCGwVltIjBSdKAFRILov1qoC3VuSseb0SE4syf/FZWjvHOaP7k5zhavJnGkwQ7YBTnggDNQBNegBMoAgQfwBF7Bm/FovBgfxue4NWVMZrbBVBlf3x9QqEM=</latexit>

r(x) =

Pm+1
i=1 pixi�1

Pn+1
i=1 qixi�1



The Approximation: Polynomial vs Rational
Polynomials Rational Functions

<latexit sha1_base64="4ykDjGnT6REED8/PnQiGDJquwgU=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQEUtGfG0KBV24rGAf0KZhMp22QyeTMDORlpClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hi9kVCrb/jYyC4tLyyvZ1dza+sbmlrm9U5NBJDCp4oAFouEhSRjlpKqoYqQRCoJ8j5G6N7ge+/UHIiQN+L0ahcTxUY/TLsVIack190VheFRqych3Y1qCSTvmxzAJXTpsx/QEJq6Zt4v2BNY8gSnJgxQV1/xqdQIc+YQrzJCUTWiHyomRUBQzkuRakSQhwgPUI01NOfKJdOLJI4l1qJWO1Q2ELq6sifp7Ika+lCPf050+Un05643F/7xmpLpXTkx5GCnC8XRRN2KWCqxxKlaHCoIVG2mCsKD6Vgv3kUBY6exyOgQ4+/I8qZ0W4UXx/O4sX75J48iCPXAACgCCS1AGt6ACqgCDR/AMXsGb8WS8GO/Gx7Q1Y6Qzu+APjM8fvv2ZMQ==</latexit>

r(x) =
n+1X

i=1

pix
i�1

evaluation requires only     and         <latexit sha1_base64="gat+/aVQy/DjbNws8Pyk7vL+PI8=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx48RjBPCBZwuxkNhkzO7PM9Aoh5B+8eFDEq//jzb9xkuxBEwsaiqpuuruiVAqLvv/trayurW9sFraK2zu7e/ulg8OG1ZlhvM601KYVUculULyOAiVvpYbTJJK8GQ1vp37ziRsrtHrAUcrDhPaViAWj6KRGB0XCbbdU9iv+DGSZBDkpQ45at/TV6WmWJVwhk9TaduCnGI6pQcEknxQ7meUpZUPa521HFXVLwvHs2gk5dUqPxNq4Ukhm6u+JMU2sHSWR60woDuyiNxX/89oZxjfhWKg0Q67YfFGcSYKaTF8nPWE4QzlyhDIj3K2EDaihDF1ARRdCsPjyMmmcV4KryuX9RblazeMowDGcwBkEcA1VuIMa1IHBIzzDK7x52nvx3r2PeeuKl88cwR94nz+40Y88</latexit>⇥<latexit sha1_base64="/449eaWnlVz7u3biBFV9G33Yor4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBAEIeyKr2PAi8cEzAOSJcxOepMxs7PLzKwQlnyBFw+KePWTvPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3dRvPaHSPJYPZpygH9GB5CFn1Fipft4rld2KOwNZJl5OypCj1it9dfsxSyOUhgmqdcdzE+NnVBnOBE6K3VRjQtmIDrBjqaQRaj+bHTohp1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ60ZuK/3md1IS3fsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRtCN7iy8ukeVHxritX9ctytZrHUYBjOIEz8OAGqnAPNWgAA4RneIU359F5cd6dj3nripPPHMEfOJ8/dCuMtw==</latexit>

+ evaluation also requires <latexit sha1_base64="87h9HYFa7UJjzc2cSGByJYVdVtY=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEqseCF48V7Ae0oWw2m3bp7ibsbgol9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcp/73SlVmsXyycwS6gs8kixiBJtcGoRsOqzW3Lq7AFonXkFqUKA1rH4NwpikgkpDONa677mJ8TOsDCOcziuDVNMEkwke0b6lEguq/Wxx6xxdWCVEUaxsSYMW6u+JDAutZyKwnQKbsV71cvE/r5+a6M7PmExSQyVZLopSjkyM8sdRyBQlhs8swUQxeysiY6wwMTaeig3BW315nXSu6t5NvfF4XWs2izjKcAbncAke3EITHqAFbSAwhmd4hTdHOC/Ou/OxbC05xcwp/IHz+QMZH45J</latexit>÷
approximates well analytic functions 

easier to compute + powerful tools harder to compute + less flexible tooling

Which one should I use?
Depends on the problem and hardware, but should  

have access to powerful tools in both cases

3

more general and powerful 
(e.g. near singularities)

<latexit sha1_base64="vCLfXT6yYfO4f6kzXDBiKu6wWqU=">AAACK3icbZDLSgMxFIYz9VbrbdSlm8EiVMQyI942haIuXFawF+hlyKSZNjTJjElGWoZ5Hze+igtdeMGt72F6AW31QODn/87h5PxeSIlUtv1upObmFxaX0suZldW19Q1zc6sig0ggXEYBDUTNgxJTwnFZEUVxLRQYMo/iqte7HPLqPRaSBPxWDULcZLDDiU8QVNpyzQuR6+8XGr6AKG7IiLkxKThJK2YHThK6pN+KyaGTJFOMa3b3w1wza+ftUVl/hTMRWTCpkms+N9oBihjmClEoZd2xQ9WMoVAEUZxkGpHEIUQ92MF1LTlkWDbj0a2JtaedtuUHQj+urJH7eyKGTMoB83Qng6orZ9nQ/I/VI+WfN2PCw0hhjsaL/IhaKrCGwVltIjBSdKAFRILov1qoC3VuSseb0SE4syf/FZWjvHOaP7k5zhavJnGkwQ7YBTnggDNQBNegBMoAgQfwBF7Bm/FovBgfxue4NWVMZrbBVBlf3x9QqEM=</latexit>

r(x) =

Pm+1
i=1 pixi�1

Pn+1
i=1 qixi�1



The Approximation Problems
Assumptions:
‣bl

<latexit sha1_base64="Iv6Y9Kff6fwTNKz6SwE4qOOTeac=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkoivhCEUjcuK9gHpKFMppN26GQSZyZCCf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB24reeqFQsFg96lFA/wn3BQkawNlK7dn3j4ZPA79plp+JMgRaJm5My5Kh37a9OLyZpRIUmHCvluU6i/QxLzQin41InVTTBZIj71DNU4IgqP5veO0ZHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/eV6qwys/YyJJNRVktihMOdIxmjyPekxSovnIEEwkM7ciMsASE20iKpkQ3PmXF0nztOJeVM7vz8rVWh5HEQ7gEI7BhUuowh3UoQEEODzDK7xZj9aL9W59zFoLVj6zD39gff4A11+PNA==</latexit>

B := [a, b]

‣              

‣                           belong to target formats 
‣ (e.g. float, double, double-double)

Polynomials

Rational Functions

or

4

<latexit sha1_base64="n/qhdwPHisnIU6AMB42rFwxtPq8="></latexit>

{�i}mi=1 , { i}ni=1 ⇢
�
1, x, x2, . . .

 

<latexit sha1_base64="gyzW5HYBRBjZtA7G0KA3XG2wjhg=">AAACVHicdVHLSsNAFJ3EV62vqks3g0VwISURXxtBdOOyglWhqWEyvWmHTiZx5kYoIR+pC8EvcePCaezC54WBwzn33LlzJsqkMOh5r447Mzs3v1BbrC8tr6yuNdY3bkyaaw4dnspU30XMgBQKOihQwl2mgSWRhNtodDHRbx9BG5Gqaxxn0EvYQIlYcIaWChujQEKMgYw040CLoJpYaOiXWSjKQIvBEANdqWEhTv3yvkjKPfqv6+E/lyrrYaPptbyq6G/gT0GTTKsdNp6DfsrzBBRyyYzp+l6GvYJpFFxCWQ9yAxnjIzaAroWKJWB6RbVMSXcs06dxqu1RSCv2q6NgiTHjJLKdCcOh+alNyL+0bo7xSa8QKssRFP+8KM4lxZROEqZ9oYGjHFvAuBZ2V8qHzGaB9h8mIfg/n/wb3Oy3/KPW4dVB8+x8GkeNbJFtskt8ckzOyCVpkw7h5Im8OcRxnBfn3Z1x5z5bXWfq2STfyl39AJWRtkA=</latexit>

{pi}mi=1 , {qi}
n
i=1

<latexit sha1_base64="jiC/ogwc4JN4sRP86FObJZSyxEs=">AAACJXicbVDLSsNAFJ34rPVVdekmWIS6KYn4WlgouOmygn1AU8NketsOnUnCzEQsIT/jxl9x48Iigit/xWkaRFsvDJw55557Z44XMiqVZX0aS8srq2vruY385tb2zm5hb78pg0gQaJCABaLtYQmM+tBQVDFohwIw9xi0vNHNVG89gJA08O/UOIQuxwOf9inBSlNu4VqUHk8qjoy4G9OKndzHPImddG4soJeELv25eyyCxAmHVHPalc+7haJVttIyF4GdgSLKqu4WJk4vIBEHXxGGpezYVqi6MRaKEgZJ3okkhJiM8AA6GvqYg+zG6fbEPNZMz+wHQh9fmSn72xFjLuWYe7qTYzWU89qU/E/rRKp/1Y2pH0YKfDJb1I+YqQJzGpnZowKIYmMNMBFUv9UkQywwUTrYaQj2/JcXQfO0bF+Uz2/PitVaFkcOHaIjVEI2ukRVVEN11EAEPaEX9IYmxrPxarwbH7PWJSPzHKA/ZXx9A09VpmA=</latexit>

r(x) =
mX

i=1

pi�i(x)

<latexit sha1_base64="L0EVX1sN2inMGFWVptkRjjPpdXE="></latexit>

r(x) =

Pm
i=1 pi�i(x)Pn
i=1 qi i(x)



The Approximation Problems:

The problems:

‣ semi-infinite mixed integer programming instance
➡ hard combinatorial problem (e.g. in polynomial setting [1])

[1] Computing Machine-Efficient Polynomial Approximations, N. Brisebarre and J.-M. Muller and A. Tisserand, ACM TOMS, Vol. 32, No. 2, pp. 236-256, 2006. 
[2] Sollya software tool: https://www.sollya.org/ 
[3] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞

Polynomials

Rational Functions

or

4

<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]

‣bl
<latexit sha1_base64="Iv6Y9Kff6fwTNKz6SwE4qOOTeac=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkoivhCEUjcuK9gHpKFMppN26GQSZyZCCf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB24reeqFQsFg96lFA/wn3BQkawNlK7dn3j4ZPA79plp+JMgRaJm5My5Kh37a9OLyZpRIUmHCvluU6i/QxLzQin41InVTTBZIj71DNU4IgqP5veO0ZHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/eV6qwys/YyJJNRVktihMOdIxmjyPekxSovnIEEwkM7ciMsASE20iKpkQ3PmXF0nztOJeVM7vz8rVWh5HEQ7gEI7BhUuowh3UoQEEODzDK7xZj9aL9W59zFoLVj6zD39gff4A11+PNA==</latexit>

B := [a, b]

‣              

‣                           belong to target formats 
‣ (e.g. float, double, double-double)

<latexit sha1_base64="YKkEBOpbTGu1KfmUlkieEBSVHK8="></latexit>

PF[B] : minimize

(����
f � r

f

����
1,B

�����
{pi}mi=1 , {qi}

n
i=1 belong to

target floating-point formats

)

<latexit sha1_base64="jiC/ogwc4JN4sRP86FObJZSyxEs=">AAACJXicbVDLSsNAFJ34rPVVdekmWIS6KYn4WlgouOmygn1AU8NketsOnUnCzEQsIT/jxl9x48Iigit/xWkaRFsvDJw55557Z44XMiqVZX0aS8srq2vruY385tb2zm5hb78pg0gQaJCABaLtYQmM+tBQVDFohwIw9xi0vNHNVG89gJA08O/UOIQuxwOf9inBSlNu4VqUHk8qjoy4G9OKndzHPImddG4soJeELv25eyyCxAmHVHPalc+7haJVttIyF4GdgSLKqu4WJk4vIBEHXxGGpezYVqi6MRaKEgZJ3okkhJiM8AA6GvqYg+zG6fbEPNZMz+wHQh9fmSn72xFjLuWYe7qTYzWU89qU/E/rRKp/1Y2pH0YKfDJb1I+YqQJzGpnZowKIYmMNMBFUv9UkQywwUTrYaQj2/JcXQfO0bF+Uz2/PitVaFkcOHaIjVEI2ukRVVEN11EAEPaEX9IYmxrPxarwbH7PWJSPzHKA/ZXx9A09VpmA=</latexit>

r(x) =
mX

i=1

pi�i(x)

<latexit sha1_base64="L0EVX1sN2inMGFWVptkRjjPpdXE="></latexit>

r(x) =

Pm
i=1 pi�i(x)Pn
i=1 qi i(x)

<latexit sha1_base64="n/qhdwPHisnIU6AMB42rFwxtPq8="></latexit>

{�i}mi=1 , { i}ni=1 ⇢
�
1, x, x2, . . .

 

<latexit sha1_base64="gyzW5HYBRBjZtA7G0KA3XG2wjhg=">AAACVHicdVHLSsNAFJ3EV62vqks3g0VwISURXxtBdOOyglWhqWEyvWmHTiZx5kYoIR+pC8EvcePCaezC54WBwzn33LlzJsqkMOh5r447Mzs3v1BbrC8tr6yuNdY3bkyaaw4dnspU30XMgBQKOihQwl2mgSWRhNtodDHRbx9BG5Gqaxxn0EvYQIlYcIaWChujQEKMgYw040CLoJpYaOiXWSjKQIvBEANdqWEhTv3yvkjKPfqv6+E/lyrrYaPptbyq6G/gT0GTTKsdNp6DfsrzBBRyyYzp+l6GvYJpFFxCWQ9yAxnjIzaAroWKJWB6RbVMSXcs06dxqu1RSCv2q6NgiTHjJLKdCcOh+alNyL+0bo7xSa8QKssRFP+8KM4lxZROEqZ9oYGjHFvAuBZ2V8qHzGaB9h8mIfg/n/wb3Oy3/KPW4dVB8+x8GkeNbJFtskt8ckzOyCVpkw7h5Im8OcRxnBfn3Z1x5z5bXWfq2STfyl39AJWRtkA=</latexit>

{pi}mi=1 , {qi}
n
i=1

Assumptions:

https://www.sollya.org/


The Approximation Problems:

[1] Computing Machine-Efficient Polynomial Approximations, N. Brisebarre and J.-M. Muller and A. Tisserand, ACM TOMS, Vol. 32, No. 2, pp. 236-256, 2006. 
[2] Sollya software tool: https://www.sollya.org/ 
[3] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞

‣ real-coefficient relaxation with well-developed theory and algorithms

Polynomials

Rational Functions

or

4

<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

‣ in practice: multiple precision arithmetic

The problems:

‣bl
<latexit sha1_base64="Iv6Y9Kff6fwTNKz6SwE4qOOTeac=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkoivhCEUjcuK9gHpKFMppN26GQSZyZCCf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB24reeqFQsFg96lFA/wn3BQkawNlK7dn3j4ZPA79plp+JMgRaJm5My5Kh37a9OLyZpRIUmHCvluU6i/QxLzQin41InVTTBZIj71DNU4IgqP5veO0ZHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/eV6qwys/YyJJNRVktihMOdIxmjyPekxSovnIEEwkM7ciMsASE20iKpkQ3PmXF0nztOJeVM7vz8rVWh5HEQ7gEI7BhUuowh3UoQEEODzDK7xZj9aL9W59zFoLVj6zD39gff4A11+PNA==</latexit>

B := [a, b]

‣              

‣                           belong to target formats 
‣ (e.g. float, double, double-double)

<latexit sha1_base64="dfYxTm9YL1D2w5MjENRn1L6SBL8="></latexit>

PR[B] : minimize

(����
f � r

f

����
1,B

�����
{pi}mi=1 , {qi}

n
i=1

take values from R

)

<latexit sha1_base64="jiC/ogwc4JN4sRP86FObJZSyxEs=">AAACJXicbVDLSsNAFJ34rPVVdekmWIS6KYn4WlgouOmygn1AU8NketsOnUnCzEQsIT/jxl9x48Iigit/xWkaRFsvDJw55557Z44XMiqVZX0aS8srq2vruY385tb2zm5hb78pg0gQaJCABaLtYQmM+tBQVDFohwIw9xi0vNHNVG89gJA08O/UOIQuxwOf9inBSlNu4VqUHk8qjoy4G9OKndzHPImddG4soJeELv25eyyCxAmHVHPalc+7haJVttIyF4GdgSLKqu4WJk4vIBEHXxGGpezYVqi6MRaKEgZJ3okkhJiM8AA6GvqYg+zG6fbEPNZMz+wHQh9fmSn72xFjLuWYe7qTYzWU89qU/E/rRKp/1Y2pH0YKfDJb1I+YqQJzGpnZowKIYmMNMBFUv9UkQywwUTrYaQj2/JcXQfO0bF+Uz2/PitVaFkcOHaIjVEI2ukRVVEN11EAEPaEX9IYmxrPxarwbH7PWJSPzHKA/ZXx9A09VpmA=</latexit>

r(x) =
mX

i=1

pi�i(x)

<latexit sha1_base64="L0EVX1sN2inMGFWVptkRjjPpdXE="></latexit>

r(x) =

Pm
i=1 pi�i(x)Pn
i=1 qi i(x)

<latexit sha1_base64="n/qhdwPHisnIU6AMB42rFwxtPq8="></latexit>

{�i}mi=1 , { i}ni=1 ⇢
�
1, x, x2, . . .

 

<latexit sha1_base64="gyzW5HYBRBjZtA7G0KA3XG2wjhg=">AAACVHicdVHLSsNAFJ3EV62vqks3g0VwISURXxtBdOOyglWhqWEyvWmHTiZx5kYoIR+pC8EvcePCaezC54WBwzn33LlzJsqkMOh5r447Mzs3v1BbrC8tr6yuNdY3bkyaaw4dnspU30XMgBQKOihQwl2mgSWRhNtodDHRbx9BG5Gqaxxn0EvYQIlYcIaWChujQEKMgYw040CLoJpYaOiXWSjKQIvBEANdqWEhTv3yvkjKPfqv6+E/lyrrYaPptbyq6G/gT0GTTKsdNp6DfsrzBBRyyYzp+l6GvYJpFFxCWQ9yAxnjIzaAroWKJWB6RbVMSXcs06dxqu1RSCv2q6NgiTHjJLKdCcOh+alNyL+0bo7xSa8QKssRFP+8KM4lxZROEqZ9oYGjHFvAuBZ2V8qHzGaB9h8mIfg/n/wb3Oy3/KPW4dVB8+x8GkeNbJFtskt8ckzOyCVpkw7h5Im8OcRxnBfn3Z1x5z5bXWfq2STfyl39AJWRtkA=</latexit>

{pi}mi=1 , {qi}
n
i=1

Assumptions:

https://www.sollya.org/


The Approximation Problems:

[1] Computing Machine-Efficient Polynomial Approximations, N. Brisebarre and J.-M. Muller and A. Tisserand, ACM TOMS, Vol. 32, No. 2, pp. 236-256, 2006. 
[2] Sollya software tool: https://www.sollya.org/ 
[3] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞

➡ polynomial case (Sollya):  
๏ the remez command [2] & the fpminimax command [3]

Polynomials

Rational Functions

or

4

<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

<latexit sha1_base64="e2DcpL6QBA2cB7cBq3JeLcIk9vg=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeA0MFSyMBdGHlEaR47qtVceJbAepRP0SFgYQYuVT2PgbnDYDFI5k6eice3WPT5hwprTjfFmlpeWV1bXyemVjc2u7au/stlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjq9zv/NApWKxuNeThPoRHgo2YARrIwV2tRn0IqxHYZjdTb0rP7BrTt2ZAf0lbkFqUKAZ2J+9fkzSiApNOFbKc51E+xmWmhFOp5VeqmiCyRgPqWeowBFVfjYLPkWHRumjQSzNExrN1J8bGY6UmkShmcxDqkUvF//zvFQPLvyMiSTVVJD5oUHKkY5R3gLqM0mJ5hNDMJHMZEVkhCUm2nRVMSW4i1/+S9rHdfesfnp7UmtcFnWUYR8O4AhcOIcG3EATWkAghSd4gVfr0Xq23qz3+WjJKnb24Besj2+KL5MC</latexit>

PR[B] solution
<latexit sha1_base64="N+OML0ft/Yy1rb3oSR+1BUyPZJc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXwsXRUFcVrAPSEOYTKft0MkkzEyEGvolblwo4tZPceffOGmz0OqBgcM593LPnDDhTGnH+bJKS8srq2vl9crG5tZ21d7Zbas4lYS2SMxj2Q2xopwJ2tJMc9pNJMVRyGknHF/nfueBSsVica8nCfUjPBRswAjWRgrsajPoRViPwjC7mXpXfmDXnLozA/pL3ILUoEAzsD97/ZikERWacKyU5zqJ9jMsNSOcTiu9VNEEkzEeUs9QgSOq/GwWfIoOjdJHg1iaJzSaqT83MhwpNYlCM5mHVIteLv7neakeXPgZE0mqqSDzQ4OUIx2jvAXUZ5ISzSeGYCKZyYrICEtMtOmqYkpwF7/8l7SP6+5Z/fTupNa4LOoowz4cwBG4cA4NuIUmtIBACk/wAq/Wo/VsvVnv89GSVezswS9YH993z5L2</latexit>

PF[B]heuristic

The problems:

‣bl
<latexit sha1_base64="Iv6Y9Kff6fwTNKz6SwE4qOOTeac=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkoivhCEUjcuK9gHpKFMppN26GQSZyZCCf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB24reeqFQsFg96lFA/wn3BQkawNlK7dn3j4ZPA79plp+JMgRaJm5My5Kh37a9OLyZpRIUmHCvluU6i/QxLzQin41InVTTBZIj71DNU4IgqP5veO0ZHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/eV6qwys/YyJJNRVktihMOdIxmjyPekxSovnIEEwkM7ciMsASE20iKpkQ3PmXF0nztOJeVM7vz8rVWh5HEQ7gEI7BhUuowh3UoQEEODzDK7xZj9aL9W59zFoLVj6zD39gff4A11+PNA==</latexit>

B := [a, b]

‣              

‣                           belong to target formats 
‣ (e.g. float, double, double-double)

‣ real-coefficient relaxation with well-developed theory and algorithms

‣ in practice: multiple precision arithmetic

<latexit sha1_base64="dfYxTm9YL1D2w5MjENRn1L6SBL8="></latexit>

PR[B] : minimize

(����
f � r

f

����
1,B

�����
{pi}mi=1 , {qi}

n
i=1

take values from R

)

<latexit sha1_base64="jiC/ogwc4JN4sRP86FObJZSyxEs=">AAACJXicbVDLSsNAFJ34rPVVdekmWIS6KYn4WlgouOmygn1AU8NketsOnUnCzEQsIT/jxl9x48Iigit/xWkaRFsvDJw55557Z44XMiqVZX0aS8srq2vruY385tb2zm5hb78pg0gQaJCABaLtYQmM+tBQVDFohwIw9xi0vNHNVG89gJA08O/UOIQuxwOf9inBSlNu4VqUHk8qjoy4G9OKndzHPImddG4soJeELv25eyyCxAmHVHPalc+7haJVttIyF4GdgSLKqu4WJk4vIBEHXxGGpezYVqi6MRaKEgZJ3okkhJiM8AA6GvqYg+zG6fbEPNZMz+wHQh9fmSn72xFjLuWYe7qTYzWU89qU/E/rRKp/1Y2pH0YKfDJb1I+YqQJzGpnZowKIYmMNMBFUv9UkQywwUTrYaQj2/JcXQfO0bF+Uz2/PitVaFkcOHaIjVEI2ukRVVEN11EAEPaEX9IYmxrPxarwbH7PWJSPzHKA/ZXx9A09VpmA=</latexit>

r(x) =
mX

i=1

pi�i(x)

<latexit sha1_base64="L0EVX1sN2inMGFWVptkRjjPpdXE="></latexit>

r(x) =

Pm
i=1 pi�i(x)Pn
i=1 qi i(x)

<latexit sha1_base64="n/qhdwPHisnIU6AMB42rFwxtPq8="></latexit>

{�i}mi=1 , { i}ni=1 ⇢
�
1, x, x2, . . .

 

<latexit sha1_base64="gyzW5HYBRBjZtA7G0KA3XG2wjhg=">AAACVHicdVHLSsNAFJ3EV62vqks3g0VwISURXxtBdOOyglWhqWEyvWmHTiZx5kYoIR+pC8EvcePCaezC54WBwzn33LlzJsqkMOh5r447Mzs3v1BbrC8tr6yuNdY3bkyaaw4dnspU30XMgBQKOihQwl2mgSWRhNtodDHRbx9BG5Gqaxxn0EvYQIlYcIaWChujQEKMgYw040CLoJpYaOiXWSjKQIvBEANdqWEhTv3yvkjKPfqv6+E/lyrrYaPptbyq6G/gT0GTTKsdNp6DfsrzBBRyyYzp+l6GvYJpFFxCWQ9yAxnjIzaAroWKJWB6RbVMSXcs06dxqu1RSCv2q6NgiTHjJLKdCcOh+alNyL+0bo7xSa8QKssRFP+8KM4lxZROEqZ9oYGjHFvAuBZ2V8qHzGaB9h8mIfg/n/wb3Oy3/KPW4dVB8+x8GkeNbJFtskt8ckzOyCVpkw7h5Im8OcRxnBfn3Z1x5z5bXWfq2STfyl39AJWRtkA=</latexit>

{pi}mi=1 , {qi}
n
i=1

Assumptions:

https://www.sollya.org/


The Approximation Problems:

[1] Computing Machine-Efficient Polynomial Approximations, N. Brisebarre and J.-M. Muller and A. Tisserand, ACM TOMS, Vol. 32, No. 2, pp. 236-256, 2006. 
[2] Sollya software tool: https://www.sollya.org/ 
[3] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞

Design similarly flexible alternatives  
to remez and fpminimax in the 

rational setting

Polynomials

Rational Functions

or

Our goal:

4

<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

The problems:

‣bl
<latexit sha1_base64="Iv6Y9Kff6fwTNKz6SwE4qOOTeac=">AAAB73icbVDLSsNAFL2pr1pfUZduBovgQkoivhCEUjcuK9gHpKFMppN26GQSZyZCCf0JNy4UcevvuPNvnLZZaOuBC4dz7uXee4KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfB24reeqFQsFg96lFA/wn3BQkawNlK7dn3j4ZPA79plp+JMgRaJm5My5Kh37a9OLyZpRIUmHCvluU6i/QxLzQin41InVTTBZIj71DNU4IgqP5veO0ZHRumhMJamhEZT9fdEhiOlRlFgOiOsB2rem4j/eV6qwys/YyJJNRVktihMOdIxmjyPekxSovnIEEwkM7ciMsASE20iKpkQ3PmXF0nztOJeVM7vz8rVWh5HEQ7gEI7BhUuowh3UoQEEODzDK7xZj9aL9W59zFoLVj6zD39gff4A11+PNA==</latexit>

B := [a, b]

‣              

‣                           belong to target formats 
‣ (e.g. float, double, double-double)

➡ polynomial case (Sollya):  
๏ the remez command [2] & the fpminimax command [3]

<latexit sha1_base64="e2DcpL6QBA2cB7cBq3JeLcIk9vg=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeA0MFSyMBdGHlEaR47qtVceJbAepRP0SFgYQYuVT2PgbnDYDFI5k6eice3WPT5hwprTjfFmlpeWV1bXyemVjc2u7au/stlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjq9zv/NApWKxuNeThPoRHgo2YARrIwV2tRn0IqxHYZjdTb0rP7BrTt2ZAf0lbkFqUKAZ2J+9fkzSiApNOFbKc51E+xmWmhFOp5VeqmiCyRgPqWeowBFVfjYLPkWHRumjQSzNExrN1J8bGY6UmkShmcxDqkUvF//zvFQPLvyMiSTVVJD5oUHKkY5R3gLqM0mJ5hNDMJHMZEVkhCUm2nRVMSW4i1/+S9rHdfesfnp7UmtcFnWUYR8O4AhcOIcG3EATWkAghSd4gVfr0Xq23qz3+WjJKnb24Besj2+KL5MC</latexit>

PR[B] solution
<latexit sha1_base64="N+OML0ft/Yy1rb3oSR+1BUyPZJc=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURXwsXRUFcVrAPSEOYTKft0MkkzEyEGvolblwo4tZPceffOGmz0OqBgcM593LPnDDhTGnH+bJKS8srq2vl9crG5tZ21d7Zbas4lYS2SMxj2Q2xopwJ2tJMc9pNJMVRyGknHF/nfueBSsVica8nCfUjPBRswAjWRgrsajPoRViPwjC7mXpXfmDXnLozA/pL3ILUoEAzsD97/ZikERWacKyU5zqJ9jMsNSOcTiu9VNEEkzEeUs9QgSOq/GwWfIoOjdJHg1iaJzSaqT83MhwpNYlCM5mHVIteLv7neakeXPgZE0mqqSDzQ4OUIx2jvAXUZ5ISzSeGYCKZyYrICEtMtOmqYkpwF7/8l7SP6+5Z/fTupNa4LOoowz4cwBG4cA4NuIUmtIBACk/wAq/Wo/VsvVnv89GSVezswS9YH993z5L2</latexit>

PF[B]heuristic

‣ real-coefficient relaxation with well-developed theory and algorithms

‣ in practice: multiple precision arithmetic

<latexit sha1_base64="dfYxTm9YL1D2w5MjENRn1L6SBL8="></latexit>

PR[B] : minimize

(����
f � r

f

����
1,B

�����
{pi}mi=1 , {qi}

n
i=1

take values from R

)

<latexit sha1_base64="jiC/ogwc4JN4sRP86FObJZSyxEs=">AAACJXicbVDLSsNAFJ34rPVVdekmWIS6KYn4WlgouOmygn1AU8NketsOnUnCzEQsIT/jxl9x48Iigit/xWkaRFsvDJw55557Z44XMiqVZX0aS8srq2vruY385tb2zm5hb78pg0gQaJCABaLtYQmM+tBQVDFohwIw9xi0vNHNVG89gJA08O/UOIQuxwOf9inBSlNu4VqUHk8qjoy4G9OKndzHPImddG4soJeELv25eyyCxAmHVHPalc+7haJVttIyF4GdgSLKqu4WJk4vIBEHXxGGpezYVqi6MRaKEgZJ3okkhJiM8AA6GvqYg+zG6fbEPNZMz+wHQh9fmSn72xFjLuWYe7qTYzWU89qU/E/rRKp/1Y2pH0YKfDJb1I+YqQJzGpnZowKIYmMNMBFUv9UkQywwUTrYaQj2/JcXQfO0bF+Uz2/PitVaFkcOHaIjVEI2ukRVVEN11EAEPaEX9IYmxrPxarwbH7PWJSPzHKA/ZXx9A09VpmA=</latexit>

r(x) =
mX

i=1

pi�i(x)

<latexit sha1_base64="L0EVX1sN2inMGFWVptkRjjPpdXE="></latexit>

r(x) =

Pm
i=1 pi�i(x)Pn
i=1 qi i(x)

<latexit sha1_base64="n/qhdwPHisnIU6AMB42rFwxtPq8="></latexit>

{�i}mi=1 , { i}ni=1 ⇢
�
1, x, x2, . . .

 

<latexit sha1_base64="gyzW5HYBRBjZtA7G0KA3XG2wjhg=">AAACVHicdVHLSsNAFJ3EV62vqks3g0VwISURXxtBdOOyglWhqWEyvWmHTiZx5kYoIR+pC8EvcePCaezC54WBwzn33LlzJsqkMOh5r447Mzs3v1BbrC8tr6yuNdY3bkyaaw4dnspU30XMgBQKOihQwl2mgSWRhNtodDHRbx9BG5Gqaxxn0EvYQIlYcIaWChujQEKMgYw040CLoJpYaOiXWSjKQIvBEANdqWEhTv3yvkjKPfqv6+E/lyrrYaPptbyq6G/gT0GTTKsdNp6DfsrzBBRyyYzp+l6GvYJpFFxCWQ9yAxnjIzaAroWKJWB6RbVMSXcs06dxqu1RSCv2q6NgiTHjJLKdCcOh+alNyL+0bo7xSa8QKssRFP+8KM4lxZROEqZ9oYGjHFvAuBZ2V8qHzGaB9h8mIfg/n/wb3Oy3/KPW4dVB8+x8GkeNbJFtskt8ckzOyCVpkw7h5Im8OcRxnBfn3Z1x5z5bXWfq2STfyl39AJWRtkA=</latexit>

{pi}mi=1 , {qi}
n
i=1

Assumptions:

https://www.sollya.org/


A Motivating Example: 
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‣ CORE-MATH [1] implementation of float 
<latexit sha1_base64="dPUNCqFRohgwzF+xR7TrwnV6o+c=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEnons8mQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk04w2WyES3QzRcCsUbJEjydqo5xqHkrXB0N/NbT1wbkahHGqc8iHGgRCQYkpVaXdSMUPXKFa/qzeGuEj8nFchR75W/uv2EZTFXxCQa0/G9lIIJahJM8mmpmxmeIhvhgHcsVRhzE0zm507dM6v03SjRthS5c/X3xARjY8ZxaDtjpKFZ9mbif14no+g2mAiVZsQVWyyKMulS4s5+d/tCc0ZybAkyLeytLhuiRkY2oZINwV9+eZU0L6r+dfXq4bJSq+VxFOEETuEcfLiBGtxDHRrAYATP8ApvTuq8OO/Ox6K14OQzx/AHzucPY9uPnQ==</latexit>

arctan

<latexit sha1_base64="3eEQShe0fk0eU8jHz6JWn/leb9s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoUEpS1LoRim5cVrAPSEKZTCft0MkkzEykJfQX3Pgrblwo4tadO//GaZuFth4YOPece7lzjx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/F6NY+KFqM9pQDFSWuqapaA0OoVX0EUCK8R1UYYjl3J4rUXHqliWZVdrZdvrmsVZpQGXiZ2RIsjQ6Jpfbi/CSUi4wgxJ6dhWrLwUCUUxI5OCm0gSIzxEfeJoylFIpJfOLprAE630YBAJ/biCM/X3RIpCKcehrztDpAZy0ZuK/3lOooJLL6U8ThTheL4oSBhUEZzGA3tUEKzYWBOEBdV/hXiABMJKh1jQIdiLJy+TVrViX1TO786K9XoWRx4cgWNQAjaogTq4BQ3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4Ae8OZAA==</latexit>

f(x) = arctan(x), x 2 B = [0.000127, 1]

Goal:           with double prec. coefficients

<latexit sha1_base64="GAdUAF2lWKoM8PxNXyOwhMGegQ0="></latexit>

r(x) :=

P7
i=1 pi�i(x)P7
i=1 qi i(x)

=

P7
i=1 pix

2i�1

P7
i=1 qix

2i�2

<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]

[1] The CORE-MATH Project, A. Sibidanov and P. Zimmermann and S. Glondu, ARITH-29, 2022.

<latexit sha1_base64="DwIDaKHX7oWjA5FgcKUdeFksWko=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx48RjBTQLJEnonk2TI7Owy0yuEJeAvePGgiFe/x5t/4+Rx0MSChqKqm+6uKJXCkOd9Oyura+sbm4Wt4vbO7t5+6eCwbpJMMx6wRCa6GaHhUigekCDJm6nmGEeSN6Lh7cRvPHJtRKIeaJTyMMa+Ej3BkKzUaKNmhKpTKnsVbwp3mfhzUoY5ap3SV7ubsCzmiphEY1q+l1KYoybBJB8X25nhKbIh9nnLUoUxN2E+PXfsnlql6/YSbUuRO1V/T+QYGzOKI9sZIw3MojcR//NaGfVuwlyoNCOu2GxRL5MuJe7kd7crNGckR5Yg08Le6rIBamRkEyraEPzFl5dJ/bziX1Uu7y/K1eBpFkcBjuEEzsCHa6jCHdQgAAZDeIZXeHNS58V5dz5mrSvOPMIj+APn8weQLJAy</latexit>

arctan
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<latexit sha1_base64="e9f3+CvaiufYw5hrpYvX3+D+RHc="></latexit>

k"k1,B ⇡ 2�57.26

A Motivating Example: 
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minimax

‣ CORE-MATH [1] implementation of float 
<latexit sha1_base64="dPUNCqFRohgwzF+xR7TrwnV6o+c=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEnons8mQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk04w2WyES3QzRcCsUbJEjydqo5xqHkrXB0N/NbT1wbkahHGqc8iHGgRCQYkpVaXdSMUPXKFa/qzeGuEj8nFchR75W/uv2EZTFXxCQa0/G9lIIJahJM8mmpmxmeIhvhgHcsVRhzE0zm507dM6v03SjRthS5c/X3xARjY8ZxaDtjpKFZ9mbif14no+g2mAiVZsQVWyyKMulS4s5+d/tCc0ZybAkyLeytLhuiRkY2oZINwV9+eZU0L6r+dfXq4bJSq+VxFOEETuEcfLiBGtxDHRrAYATP8ApvTuq8OO/Ox6K14OQzx/AHzucPY9uPnQ==</latexit>

arctan

<latexit sha1_base64="3eEQShe0fk0eU8jHz6JWn/leb9s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoUEpS1LoRim5cVrAPSEKZTCft0MkkzEykJfQX3Pgrblwo4tadO//GaZuFth4YOPece7lzjx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/F6NY+KFqM9pQDFSWuqapaA0OoVX0EUCK8R1UYYjl3J4rUXHqliWZVdrZdvrmsVZpQGXiZ2RIsjQ6Jpfbi/CSUi4wgxJ6dhWrLwUCUUxI5OCm0gSIzxEfeJoylFIpJfOLprAE630YBAJ/biCM/X3RIpCKcehrztDpAZy0ZuK/3lOooJLL6U8ThTheL4oSBhUEZzGA3tUEKzYWBOEBdV/hXiABMJKh1jQIdiLJy+TVrViX1TO786K9XoWRx4cgWNQAjaogTq4BQ3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4Ae8OZAA==</latexit>

f(x) = arctan(x), x 2 B = [0.000127, 1]
<latexit sha1_base64="GAdUAF2lWKoM8PxNXyOwhMGegQ0="></latexit>

r(x) :=

P7
i=1 pi�i(x)P7
i=1 qi i(x)

=

P7
i=1 pix

2i�1

P7
i=1 qix

2i�2

‣ use our new minimax command to solve

<latexit sha1_base64="Ii83tnPZvfU4Ft957bed/The9Nw=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1AyVBvBakSiyMRaIPqY0qx3Vaq44d2U5FFXVm4VdYGECIlS9g429w2gxQOJJ9j865V/Y9fsSo0o7zZeUWFpeWV/KrhbX1jc0te3unoUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPr1O/OSJSUcHv9DgiXoj6nAYUI22krr3fGSFJIkWZ4KX7MryCpcDUI2mu8nFKu3bRqThTwL/EzUgRZKh17c9OT+A4JFxjhpRqu06kvQRJTTEjk0InViRCeIj6pG0oRyFRXjJdZQIPjdKDgZDmcA2n6s+JBIVKjUPfdIZID9S8l4r/ee1YB5deQnkUa8Lx7KEgZlALmOYCe1QSrNnYEIQlNX+FeIAkwtqkVzAhuPMr/yWNk4p7Xjm7PS1Wq1kcebAHDkAJuOACVMENqIE6wOABPIEX8Go9Ws/Wm/U+a81Z2cwu+AXr4xtsL5go</latexit>

"(x) = (f(x)� r(x))/f(x)

<latexit sha1_base64="7NPV9oIsoNYCDNeV+lYUzMJGGoU=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiG5dV7APSECbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtG1/W6WV1bX1jfJmZWt7Z7da29vvqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTcY3+R+95FKxWLxoCcJ9SI8FCxkBGsj+bVqy+9HWI+CILufuteeX6vbDXsGtEycgtShQMuvffUHMUkjKjThWCnXsRPtZVhqRjidVvqpogkmYzykrqECR1R52Sz4FB0bZYDCWJonNJqpvzcyHCk1iQIzmYdUi14u/ue5qQ6vvIyJJNVUkPmhMOVIxyhvAQ2YpETziSGYSGayIjLCEhNtuqqYEpzFLy+TzmnDuWic353Vm82ijjIcwhGcgAOX0IRbaEEbCKTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4tjkwY=</latexit>

PR[B]

[1] The CORE-MATH Project, A. Sibidanov and P. Zimmermann and S. Glondu, ARITH-29, 2022.

<latexit sha1_base64="DwIDaKHX7oWjA5FgcKUdeFksWko=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx48RjBTQLJEnonk2TI7Owy0yuEJeAvePGgiFe/x5t/4+Rx0MSChqKqm+6uKJXCkOd9Oyura+sbm4Wt4vbO7t5+6eCwbpJMMx6wRCa6GaHhUigekCDJm6nmGEeSN6Lh7cRvPHJtRKIeaJTyMMa+Ej3BkKzUaKNmhKpTKnsVbwp3mfhzUoY5ap3SV7ubsCzmiphEY1q+l1KYoybBJB8X25nhKbIh9nnLUoUxN2E+PXfsnlql6/YSbUuRO1V/T+QYGzOKI9sZIw3MojcR//NaGfVuwlyoNCOu2GxRL5MuJe7kd7crNGckR5Yg08Le6rIBamRkEyraEPzFl5dJ/bziX1Uu7y/K1eBpFkcBjuEEzsCHa6jCHdQgAAZDeIZXeHNS58V5dz5mrSvOPMIj+APn8weQLJAy</latexit>

arctan

5

What about a polynomial?
‣ at least a degree                                  approximation

<latexit sha1_base64="xJeRK/O4PV8YKgAf3fho4TXsEcw=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQQcJMcLsEAl48RjALJCH0dDpJk+6eobtGDEMOXvwVLx4U8epHePNv7CwHTXxQ8Hiviqp6QSS4Ac/7dlIrq2vrG+nNzNb2zu6eu39QM2GsKavSUIS6ERDDBFesChwEa0SaERkIVg+G1xO/fs+04aG6g1HE2pL0Fe9xSsBKHTdb9FrAHkCFWhKR4HFelor+KVYl/6Tj5ryCNwVeJv6c5NAclY771eqGNJZMARXEmKbvRdBOiAZOBRtnWrFhEaFD0mdNSxWRzLST6RNjfGyVLu6F2pYCPFV/TyREGjOSge2UBAZm0ZuI/3nNGHpX7YSrKAam6GxRLxYYQjxJBHe5ZhTEyBJCNbe3YjogmlCwuWVsCP7iy8ukViz4F4Xz27NcuTyPI42y6AjlkY8uURndoAqqIooe0TN6RW/Ok/PivDsfs9aUM585RH/gfP4ADSeWaw==</latexit>

20 (m = 21, n = 1)

‣ possible tradeoff: six additions & six multiplications for one division

Goal:           with double prec. coefficients
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]



<latexit sha1_base64="kW6uqQ73Z3CMS07GdVuOKpw+RGo="></latexit>

k"k1,B ⇡ 2�54.54

A Motivating Example: 
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<latexit sha1_base64="Ii83tnPZvfU4Ft957bed/The9Nw=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1AyVBvBakSiyMRaIPqY0qx3Vaq44d2U5FFXVm4VdYGECIlS9g429w2gxQOJJ9j865V/Y9fsSo0o7zZeUWFpeWV/KrhbX1jc0te3unoUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPr1O/OSJSUcHv9DgiXoj6nAYUI22krr3fGSFJIkWZ4KX7MryCpcDUI2mu8nFKu3bRqThTwL/EzUgRZKh17c9OT+A4JFxjhpRqu06kvQRJTTEjk0InViRCeIj6pG0oRyFRXjJdZQIPjdKDgZDmcA2n6s+JBIVKjUPfdIZID9S8l4r/ee1YB5deQnkUa8Lx7KEgZlALmOYCe1QSrNnYEIQlNX+FeIAkwtqkVzAhuPMr/yWNk4p7Xjm7PS1Wq1kcebAHDkAJuOACVMENqIE6wOABPIEX8Go9Ws/Wm/U+a81Z2cwu+AXr4xtsL5go</latexit>

"(x) = (f(x)� r(x))/f(x)
‣ CORE-MATH [1] implementation of float 

<latexit sha1_base64="dPUNCqFRohgwzF+xR7TrwnV6o+c=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEnons8mQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk04w2WyES3QzRcCsUbJEjydqo5xqHkrXB0N/NbT1wbkahHGqc8iHGgRCQYkpVaXdSMUPXKFa/qzeGuEj8nFchR75W/uv2EZTFXxCQa0/G9lIIJahJM8mmpmxmeIhvhgHcsVRhzE0zm507dM6v03SjRthS5c/X3xARjY8ZxaDtjpKFZ9mbif14no+g2mAiVZsQVWyyKMulS4s5+d/tCc0ZybAkyLeytLhuiRkY2oZINwV9+eZU0L6r+dfXq4bJSq+VxFOEETuEcfLiBGtxDHRrAYATP8ApvTuq8OO/Ox6K14OQzx/AHzucPY9uPnQ==</latexit>

arctan

<latexit sha1_base64="3eEQShe0fk0eU8jHz6JWn/leb9s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoUEpS1LoRim5cVrAPSEKZTCft0MkkzEykJfQX3Pgrblwo4tadO//GaZuFth4YOPece7lzjx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/F6NY+KFqM9pQDFSWuqapaA0OoVX0EUCK8R1UYYjl3J4rUXHqliWZVdrZdvrmsVZpQGXiZ2RIsjQ6Jpfbi/CSUi4wgxJ6dhWrLwUCUUxI5OCm0gSIzxEfeJoylFIpJfOLprAE630YBAJ/biCM/X3RIpCKcehrztDpAZy0ZuK/3lOooJLL6U8ThTheL4oSBhUEZzGA3tUEKzYWBOEBdV/hXiABMJKh1jQIdiLJy+TVrViX1TO786K9XoWRx4cgWNQAjaogTq4BQ3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4Ae8OZAA==</latexit>

f(x) = arctan(x), x 2 B = [0.000127, 1]
<latexit sha1_base64="GAdUAF2lWKoM8PxNXyOwhMGegQ0="></latexit>

r(x) :=

P7
i=1 pi�i(x)P7
i=1 qi i(x)

=

P7
i=1 pix

2i�1

P7
i=1 qix

2i�2

‣ use our new minimax command to solve

What happens if we round coeffs. to double prec. ?

<latexit sha1_base64="7NPV9oIsoNYCDNeV+lYUzMJGGoU=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiG5dV7APSECbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtG1/W6WV1bX1jfJmZWt7Z7da29vvqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTcY3+R+95FKxWLxoCcJ9SI8FCxkBGsj+bVqy+9HWI+CILufuteeX6vbDXsGtEycgtShQMuvffUHMUkjKjThWCnXsRPtZVhqRjidVvqpogkmYzykrqECR1R52Sz4FB0bZYDCWJonNJqpvzcyHCk1iQIzmYdUi14u/ue5qQ6vvIyJJNVUkPmhMOVIxyhvAQ2YpETziSGYSGayIjLCEhNtuqqYEpzFLy+TzmnDuWic353Vm82ijjIcwhGcgAOX0IRbaEEbCKTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4tjkwY=</latexit>

PR[B]

[1] The CORE-MATH Project, A. Sibidanov and P. Zimmermann and S. Glondu, ARITH-29, 2022.

<latexit sha1_base64="DwIDaKHX7oWjA5FgcKUdeFksWko=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx48RjBTQLJEnonk2TI7Owy0yuEJeAvePGgiFe/x5t/4+Rx0MSChqKqm+6uKJXCkOd9Oyura+sbm4Wt4vbO7t5+6eCwbpJMMx6wRCa6GaHhUigekCDJm6nmGEeSN6Lh7cRvPHJtRKIeaJTyMMa+Ej3BkKzUaKNmhKpTKnsVbwp3mfhzUoY5ap3SV7ubsCzmiphEY1q+l1KYoybBJB8X25nhKbIh9nnLUoUxN2E+PXfsnlql6/YSbUuRO1V/T+QYGzOKI9sZIw3MojcR//NaGfVuwlyoNCOu2GxRL5MuJe7kd7crNGckR5Yg08Le6rIBamRkEyraEPzFl5dJ/bziX1Uu7y/K1eBpFkcBjuEEzsCHa6jCHdQgAAZDeIZXeHNS58V5dz5mrSvOPMIj+APn8weQLJAy</latexit>

arctan

5

<latexit sha1_base64="e9f3+CvaiufYw5hrpYvX3+D+RHc="></latexit>

k"k1,B ⇡ 2�57.26

What about a polynomial?
‣ at least a degree                                  approximation

<latexit sha1_base64="xJeRK/O4PV8YKgAf3fho4TXsEcw=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQQcJMcLsEAl48RjALJCH0dDpJk+6eobtGDEMOXvwVLx4U8epHePNv7CwHTXxQ8Hiviqp6QSS4Ac/7dlIrq2vrG+nNzNb2zu6eu39QM2GsKavSUIS6ERDDBFesChwEa0SaERkIVg+G1xO/fs+04aG6g1HE2pL0Fe9xSsBKHTdb9FrAHkCFWhKR4HFelor+KVYl/6Tj5ryCNwVeJv6c5NAclY771eqGNJZMARXEmKbvRdBOiAZOBRtnWrFhEaFD0mdNSxWRzLST6RNjfGyVLu6F2pYCPFV/TyREGjOSge2UBAZm0ZuI/3nNGHpX7YSrKAam6GxRLxYYQjxJBHe5ZhTEyBJCNbe3YjogmlCwuWVsCP7iy8ukViz4F4Xz27NcuTyPI42y6AjlkY8uURndoAqqIooe0TN6RW/Ok/PivDsfs9aUM585RH/gfP4ADSeWaw==</latexit>

20 (m = 21, n = 1)

‣ possible tradeoff: six additions & six multiplications for one division

Goal:           with double prec. coefficients
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]



<latexit sha1_base64="2/a+A8+0txxWV2752LDwsUZHQG8="></latexit>

k"k1,B ⇡ 2�57.09

A Motivating Example: 
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fpminimax

<latexit sha1_base64="Ii83tnPZvfU4Ft957bed/The9Nw=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1AyVBvBakSiyMRaIPqY0qx3Vaq44d2U5FFXVm4VdYGECIlS9g429w2gxQOJJ9j865V/Y9fsSo0o7zZeUWFpeWV/KrhbX1jc0te3unoUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPr1O/OSJSUcHv9DgiXoj6nAYUI22krr3fGSFJIkWZ4KX7MryCpcDUI2mu8nFKu3bRqThTwL/EzUgRZKh17c9OT+A4JFxjhpRqu06kvQRJTTEjk0InViRCeIj6pG0oRyFRXjJdZQIPjdKDgZDmcA2n6s+JBIVKjUPfdIZID9S8l4r/ee1YB5deQnkUa8Lx7KEgZlALmOYCe1QSrNnYEIQlNX+FeIAkwtqkVzAhuPMr/yWNk4p7Xjm7PS1Wq1kcebAHDkAJuOACVMENqIE6wOABPIEX8Go9Ws/Wm/U+a81Z2cwu+AXr4xtsL5go</latexit>

"(x) = (f(x)� r(x))/f(x)
‣ CORE-MATH [1] implementation of float 

<latexit sha1_base64="dPUNCqFRohgwzF+xR7TrwnV6o+c=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEnons8mQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk04w2WyES3QzRcCsUbJEjydqo5xqHkrXB0N/NbT1wbkahHGqc8iHGgRCQYkpVaXdSMUPXKFa/qzeGuEj8nFchR75W/uv2EZTFXxCQa0/G9lIIJahJM8mmpmxmeIhvhgHcsVRhzE0zm507dM6v03SjRthS5c/X3xARjY8ZxaDtjpKFZ9mbif14no+g2mAiVZsQVWyyKMulS4s5+d/tCc0ZybAkyLeytLhuiRkY2oZINwV9+eZU0L6r+dfXq4bJSq+VxFOEETuEcfLiBGtxDHRrAYATP8ApvTuq8OO/Ox6K14OQzx/AHzucPY9uPnQ==</latexit>

arctan

<latexit sha1_base64="3eEQShe0fk0eU8jHz6JWn/leb9s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoUEpS1LoRim5cVrAPSEKZTCft0MkkzEykJfQX3Pgrblwo4tadO//GaZuFth4YOPece7lzjx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/F6NY+KFqM9pQDFSWuqapaA0OoVX0EUCK8R1UYYjl3J4rUXHqliWZVdrZdvrmsVZpQGXiZ2RIsjQ6Jpfbi/CSUi4wgxJ6dhWrLwUCUUxI5OCm0gSIzxEfeJoylFIpJfOLprAE630YBAJ/biCM/X3RIpCKcehrztDpAZy0ZuK/3lOooJLL6U8ThTheL4oSBhUEZzGA3tUEKzYWBOEBdV/hXiABMJKh1jQIdiLJy+TVrViX1TO786K9XoWRx4cgWNQAjaogTq4BQ3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4Ae8OZAA==</latexit>

f(x) = arctan(x), x 2 B = [0.000127, 1]
<latexit sha1_base64="GAdUAF2lWKoM8PxNXyOwhMGegQ0="></latexit>

r(x) :=

P7
i=1 pi�i(x)P7
i=1 qi i(x)

=

P7
i=1 pix

2i�1

P7
i=1 qix

2i�2

‣ use our new minimax command to solve
<latexit sha1_base64="7NPV9oIsoNYCDNeV+lYUzMJGGoU=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiG5dV7APSECbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtG1/W6WV1bX1jfJmZWt7Z7da29vvqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTcY3+R+95FKxWLxoCcJ9SI8FCxkBGsj+bVqy+9HWI+CILufuteeX6vbDXsGtEycgtShQMuvffUHMUkjKjThWCnXsRPtZVhqRjidVvqpogkmYzykrqECR1R52Sz4FB0bZYDCWJonNJqpvzcyHCk1iQIzmYdUi14u/ue5qQ6vvIyJJNVUkPmhMOVIxyhvAQ2YpETziSGYSGayIjLCEhNtuqqYEpzFLy+TzmnDuWic353Vm82ijjIcwhGcgAOX0IRbaEEbCKTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4tjkwY=</latexit>

PR[B]

What happens if we round coeffs. to double prec. ?

‣ use our new fpminimax command to address
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]

[1] The CORE-MATH Project, A. Sibidanov and P. Zimmermann and S. Glondu, ARITH-29, 2022.

<latexit sha1_base64="DwIDaKHX7oWjA5FgcKUdeFksWko=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx48RjBTQLJEnonk2TI7Owy0yuEJeAvePGgiFe/x5t/4+Rx0MSChqKqm+6uKJXCkOd9Oyura+sbm4Wt4vbO7t5+6eCwbpJMMx6wRCa6GaHhUigekCDJm6nmGEeSN6Lh7cRvPHJtRKIeaJTyMMa+Ej3BkKzUaKNmhKpTKnsVbwp3mfhzUoY5ap3SV7ubsCzmiphEY1q+l1KYoybBJB8X25nhKbIh9nnLUoUxN2E+PXfsnlql6/YSbUuRO1V/T+QYGzOKI9sZIw3MojcR//NaGfVuwlyoNCOu2GxRL5MuJe7kd7crNGckR5Yg08Le6rIBamRkEyraEPzFl5dJ/bziX1Uu7y/K1eBpFkcBjuEEzsCHa6jCHdQgAAZDeIZXeHNS58V5dz5mrSvOPMIj+APn8weQLJAy</latexit>

arctan

5

<latexit sha1_base64="e9f3+CvaiufYw5hrpYvX3+D+RHc="></latexit>

k"k1,B ⇡ 2�57.26

<latexit sha1_base64="kW6uqQ73Z3CMS07GdVuOKpw+RGo="></latexit>

k"k1,B ⇡ 2�54.54

What about a polynomial?
‣ at least a degree                                  approximation

<latexit sha1_base64="xJeRK/O4PV8YKgAf3fho4TXsEcw=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoMQQcJMcLsEAl48RjALJCH0dDpJk+6eobtGDEMOXvwVLx4U8epHePNv7CwHTXxQ8Hiviqp6QSS4Ac/7dlIrq2vrG+nNzNb2zu6eu39QM2GsKavSUIS6ERDDBFesChwEa0SaERkIVg+G1xO/fs+04aG6g1HE2pL0Fe9xSsBKHTdb9FrAHkCFWhKR4HFelor+KVYl/6Tj5ryCNwVeJv6c5NAclY771eqGNJZMARXEmKbvRdBOiAZOBRtnWrFhEaFD0mdNSxWRzLST6RNjfGyVLu6F2pYCPFV/TyREGjOSge2UBAZm0ZuI/3nNGHpX7YSrKAam6GxRLxYYQjxJBHe5ZhTEyBJCNbe3YjogmlCwuWVsCP7iy8ukViz4F4Xz27NcuTyPI42y6AjlkY8uURndoAqqIooe0TN6RW/Ok/PivDsfs9aUM585RH/gfP4ADSeWaw==</latexit>

20 (m = 21, n = 1)

‣ possible tradeoff: six additions & six multiplications for one division

Goal:           with double prec. coefficients
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]



Finding Solutions to 
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

‣ find approximations with restricted denominators
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<latexit sha1_base64="TFwgmAc6XwTTZqJ5KNYzMkS86rU="></latexit>

RL(B) =

(
P

Q
:=

p1�1 + . . .+ pm�m
q1 1 + . . .+ qn n

����
Q > L > 0 on B,

max
16i6n

|qi| = 1

)

<latexit sha1_base64="dfYxTm9YL1D2w5MjENRn1L6SBL8="></latexit>

PR[B] : minimize

(����
f � r

f

����
1,B

�����
{pi}mi=1 , {qi}

n
i=1

take values from R

)



Finding Solutions to 
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

‣ find approximations with restricted denominators

Why?
‣ solutions to          always exist [1]

[1] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr. and G.D. Taylor, J. Approx. Theory, Vol. 32, No. 1, pp. 9-26, 1981.

➡ not necessarily true otherwise

‣ limits dynamic range in denominator

‣ not such a strong constraint (by default,                         )

<latexit sha1_base64="e2DcpL6QBA2cB7cBq3JeLcIk9vg=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeA0MFSyMBdGHlEaR47qtVceJbAepRP0SFgYQYuVT2PgbnDYDFI5k6eice3WPT5hwprTjfFmlpeWV1bXyemVjc2u7au/stlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjq9zv/NApWKxuNeThPoRHgo2YARrIwV2tRn0IqxHYZjdTb0rP7BrTt2ZAf0lbkFqUKAZ2J+9fkzSiApNOFbKc51E+xmWmhFOp5VeqmiCyRgPqWeowBFVfjYLPkWHRumjQSzNExrN1J8bGY6UmkShmcxDqkUvF//zvFQPLvyMiSTVVJD5oUHKkY5R3gLqM0mJ5hNDMJHMZEVkhCUm2nRVMSW4i1/+S9rHdfesfnp7UmtcFnWUYR8O4AhcOIcG3EATWkAghSd4gVfr0Xq23qz3+WjJKnb24Besj2+KL5MC</latexit>

PR[B]

<latexit sha1_base64="vfqZABJMANGUjp7hmrX/3Po61eY=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQD4bd4OsiBLx48BDBPCBZw+xkNhkyO7vOzAbDku/w4kERr36MN//GSbIHTSxoKKq66e7yIs6Utu1vK7O0vLK6ll3PbWxube/kd/fqKowloTUS8lA2PawoZ4LWNNOcNiNJceBx2vAG1xO/MaRSsVDc61FE3QD3BPMZwdpI7m3x6fjKsR+Sk7I97uQLdsmeAi0SJyUFSFHt5L/a3ZDEARWacKxUy7Ej7SZYakY4HefasaIRJgPcoy1DBQ6ocpPp0WN0ZJQu8kNpSmg0VX9PJDhQahR4pjPAuq/mvYn4n9eKtX/pJkxEsaaCzBb5MUc6RJMEUJdJSjQfGYKJZOZWRPpYYqJNTjkTgjP/8iKpl0vOeens7rRQqaRxZOEADqEIDlxABW6gCjUg8AjP8Apv1tB6sd6tj1lrxkpn9uEPrM8fdaGQnA==</latexit>

L(x) = 10�20

Desiderata:

‣ for flexibility, allow user specified bases                             
<latexit sha1_base64="Rue/w35qIBbVEUKJ03eNF6UjbYU=">AAACOXicdVDLSgMxFM34rPVVdekmWAQXUmbE10YouHFZwT6gU0smvdOGZh4kd4Qy9Lfc+BfuBDcuFHHrD5hOu7CtHggczjk3yT1eLIVG236xFhaXlldWc2v59Y3Nre3Czm5NR4niUOWRjFTDYxqkCKGKAiU0YgUs8CTUvf71yK8/gNIiCu9wEEMrYN1Q+IIzNFK7UHEl+OhKTzEObtwTbeEq0e2hqzKpnYorZ3gfHNPpoP4naK4s2iU7A50nzoQUyQSVduHZ7UQ8CSBELpnWTceOsZUyhYJLGObdREPMeJ91oWloyALQrTTbfEgPjdKhfqTMCZFm6u+JlAVaDwLPJAOGPT3rjcS/vGaC/mUrFWGcIIR8/JCfSIoRHdVIO0IBRzkwhHElzF8p7zFTBJqy86YEZ3bleVI7KTnnpbPb02K5PKkjR/bJATkiDrkgZXJDKqRKOHkkr+SdfFhP1pv1aX2NowvWZGaPTMH6/gFVAq8J</latexit>

{�i}mi=1 , { i}ni=1
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<latexit sha1_base64="TFwgmAc6XwTTZqJ5KNYzMkS86rU="></latexit>

RL(B) =

(
P

Q
:=

p1�1 + . . .+ pm�m
q1 1 + . . .+ qn n

����
Q > L > 0 on B,

max
16i6n

|qi| = 1

)

‣ need normalizing condition: 
<latexit sha1_base64="NhIOaCoVuiWYhQGezlsquEG8eHc="></latexit>

max
16i6n

|qi| = 1

<latexit sha1_base64="dfYxTm9YL1D2w5MjENRn1L6SBL8="></latexit>

PR[B] : minimize

(����
f � r

f

����
1,B

�����
{pi}mi=1 , {qi}

n
i=1

take values from R

)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

<latexit sha1_base64="j1BRlJXrC5bu7joTDNsg7pO/BcY=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiDcEoejGZQV7gelQMmmmDc0kQ3JGKEMfw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4wEdyA6347haXlldW14nppY3Nre6e8u9c0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHdpN56YtpwJR9hlLAgJn3JI04JWMu/vfHdquudYC/olisWp8KL4OVQQbnq3fJXp6doGjMJVBBjfM9NIMiIBk4FG5c6qWEJoUPSZ75FSWJmgmy68hgfWaeHI6Xtk4Cn7u+JjMTGjOLQdsYEBma+NjH/q/kpRFdBxmWSApN09lGUCgwKT+7HPa4ZBTGyQKjmdldMB0QTCjalkg3Bmz95EZqnVe+iev5wVqld53EU0QE6RMfIQ5eohu5RHTUQRQo9o1f05oDz4rw7H7PWgpPP7KM/cj5/AGWoj10=</latexit>

B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:
<latexit sha1_base64="qO6XB2Cx4JYrvddcy9sgIfo7LbE=">AAAB/nicbVDJSgNBEK1xjXEbFU9eGoOQIIQZcUMQAl48RjALZIbQ0+lJmvQsdvdIwhDwV7x4UMSr3+HNv7GTzEETHxQ83quiqp4XcyaVZX0bC4tLyyurubX8+sbm1ra5s1uXUSIIrZGIR6LpYUk5C2lNMcVpMxYUBx6nDa9/M/Ybj1RIFoX3ahhTN8DdkPmMYKWltrnvFwela4cO4uLg2JEPQqWDUaltFqyyNQGaJ3ZGCpCh2ja/nE5EkoCGinAsZcu2YuWmWChGOB3lnUTSGJM+7tKWpiEOqHTTyfkjdKSVDvIjoStUaKL+nkhxIOUw8HRngFVPznpj8T+vlSj/0k1ZGCeKhmS6yE84UhEaZ4E6TFCi+FATTATTtyLSwwITpRPL6xDs2ZfnSf2kbJ+Xz+5OC5WrLI4cHMAhFMGGC6jALVShBgRSeIZXeDOejBfj3fiYti4Y2cwe/IHx+QNicpUe</latexit>

f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

<latexit sha1_base64="j1BRlJXrC5bu7joTDNsg7pO/BcY=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiDcEoejGZQV7gelQMmmmDc0kQ3JGKEMfw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4wEdyA6347haXlldW14nppY3Nre6e8u9c0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHdpN56YtpwJR9hlLAgJn3JI04JWMu/vfHdquudYC/olisWp8KL4OVQQbnq3fJXp6doGjMJVBBjfM9NIMiIBk4FG5c6qWEJoUPSZ75FSWJmgmy68hgfWaeHI6Xtk4Cn7u+JjMTGjOLQdsYEBma+NjH/q/kpRFdBxmWSApN09lGUCgwKT+7HPa4ZBTGyQKjmdldMB0QTCjalkg3Bmz95EZqnVe+iev5wVqld53EU0QE6RMfIQ5eohu5RHTUQRQo9o1f05oDz4rw7H7PWgpPP7KM/cj5/AGWoj10=</latexit>

B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:

-0.02

-0.01

0

0.01

0.02

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

<latexit sha1_base64="qO6XB2Cx4JYrvddcy9sgIfo7LbE=">AAAB/nicbVDJSgNBEK1xjXEbFU9eGoOQIIQZcUMQAl48RjALZIbQ0+lJmvQsdvdIwhDwV7x4UMSr3+HNv7GTzEETHxQ83quiqp4XcyaVZX0bC4tLyyurubX8+sbm1ra5s1uXUSIIrZGIR6LpYUk5C2lNMcVpMxYUBx6nDa9/M/Ybj1RIFoX3ahhTN8DdkPmMYKWltrnvFwela4cO4uLg2JEPQqWDUaltFqyyNQGaJ3ZGCpCh2ja/nE5EkoCGinAsZcu2YuWmWChGOB3lnUTSGJM+7tKWpiEOqHTTyfkjdKSVDvIjoStUaKL+nkhxIOUw8HRngFVPznpj8T+vlSj/0k1ZGCeKhmS6yE84UhEaZ4E6TFCi+FATTATTtyLSwwITpRPL6xDs2ZfnSf2kbJ+Xz+5OC5WrLI4cHMAhFMGGC6jALVShBgRSeIZXeDOejBfj3fiYti4Y2cwe/IHx+QNicpUe</latexit>

f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

<latexit sha1_base64="j1BRlJXrC5bu7joTDNsg7pO/BcY=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiDcEoejGZQV7gelQMmmmDc0kQ3JGKEMfw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4wEdyA6347haXlldW14nppY3Nre6e8u9c0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHdpN56YtpwJR9hlLAgJn3JI04JWMu/vfHdquudYC/olisWp8KL4OVQQbnq3fJXp6doGjMJVBBjfM9NIMiIBk4FG5c6qWEJoUPSZ75FSWJmgmy68hgfWaeHI6Xtk4Cn7u+JjMTGjOLQdsYEBma+NjH/q/kpRFdBxmWSApN09lGUCgwKT+7HPa4ZBTGyQKjmdldMB0QTCjalkg3Bmz95EZqnVe+iev5wVqld53EU0QE6RMfIQ5eohu5RHTUQRQo9o1f05oDz4rw7H7PWgpPP7KM/cj5/AGWoj10=</latexit>

B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:
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<latexit sha1_base64="qO6XB2Cx4JYrvddcy9sgIfo7LbE=">AAAB/nicbVDJSgNBEK1xjXEbFU9eGoOQIIQZcUMQAl48RjALZIbQ0+lJmvQsdvdIwhDwV7x4UMSr3+HNv7GTzEETHxQ83quiqp4XcyaVZX0bC4tLyyurubX8+sbm1ra5s1uXUSIIrZGIR6LpYUk5C2lNMcVpMxYUBx6nDa9/M/Ybj1RIFoX3ahhTN8DdkPmMYKWltrnvFwela4cO4uLg2JEPQqWDUaltFqyyNQGaJ3ZGCpCh2ja/nE5EkoCGinAsZcu2YuWmWChGOB3lnUTSGJM+7tKWpiEOqHTTyfkjdKSVDvIjoStUaKL+nkhxIOUw8HRngFVPznpj8T+vlSj/0k1ZGCeKhmS6yE84UhEaZ4E6TFCi+FATTATTtyLSwwITpRPL6xDs2ZfnSf2kbJ+Xz+5OC5WrLI4cHMAhFMGGC6jALVShBgRSeIZXeDOejBfj3fiYti4Y2cwe/IHx+QNicpUe</latexit>

f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

<latexit sha1_base64="j1BRlJXrC5bu7joTDNsg7pO/BcY=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiDcEoejGZQV7gelQMmmmDc0kQ3JGKEMfw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4wEdyA6347haXlldW14nppY3Nre6e8u9c0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHdpN56YtpwJR9hlLAgJn3JI04JWMu/vfHdquudYC/olisWp8KL4OVQQbnq3fJXp6doGjMJVBBjfM9NIMiIBk4FG5c6qWEJoUPSZ75FSWJmgmy68hgfWaeHI6Xtk4Cn7u+JjMTGjOLQdsYEBma+NjH/q/kpRFdBxmWSApN09lGUCgwKT+7HPa4ZBTGyQKjmdldMB0QTCjalkg3Bmz95EZqnVe+iev5wVqld53EU0QE6RMfIQ5eohu5RHTUQRQo9o1f05oDz4rw7H7PWgpPP7KM/cj5/AGWoj10=</latexit>

B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:
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<latexit sha1_base64="qO6XB2Cx4JYrvddcy9sgIfo7LbE=">AAAB/nicbVDJSgNBEK1xjXEbFU9eGoOQIIQZcUMQAl48RjALZIbQ0+lJmvQsdvdIwhDwV7x4UMSr3+HNv7GTzEETHxQ83quiqp4XcyaVZX0bC4tLyyurubX8+sbm1ra5s1uXUSIIrZGIR6LpYUk5C2lNMcVpMxYUBx6nDa9/M/Ybj1RIFoX3ahhTN8DdkPmMYKWltrnvFwela4cO4uLg2JEPQqWDUaltFqyyNQGaJ3ZGCpCh2ja/nE5EkoCGinAsZcu2YuWmWChGOB3lnUTSGJM+7tKWpiEOqHTTyfkjdKSVDvIjoStUaKL+nkhxIOUw8HRngFVPznpj8T+vlSj/0k1ZGCeKhmS6yE84UhEaZ4E6TFCi+FATTATTtyLSwwITpRPL6xDs2ZfnSf2kbJ+Xz+5OC5WrLI4cHMAhFMGGC6jALVShBgRSeIZXeDOejBfj3fiYti4Y2cwe/IHx+QNicpUe</latexit>

f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

do

while 

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6

<latexit sha1_base64="r5JZDSDy1IyAU1OfuaIKXjbLork="></latexit>�
|ek�1(x

⇤
k�1)|� µ(Dk�1)

�
/|ek�1(x

⇤
k�1)| > 10�4

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

• a maximum error point 
<latexit sha1_base64="LdhL3Pj6NgMQ8wdLEoDDrFa8KCg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUKQ5UgXgNDJYTEWCT6kJoQOa7bWnGcyHZQq7RfwMKvsDCAECszG3+D03aAliNd6fice+V7jx8zKpVlfRsLi0vLK6u5tfz6xubWtrmzW5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGH1xlfuOBCEkjfqcGMXFD1OW0QzFSWvLMYt8L7o+gQzl0kOg6Iep7aT97XnvBaEi8oNQ/HHpmwSpbY8B5Yk9JAUxR9cwvpx3hJCRcYYakbNlWrNwUCUUxI6O8k0gSIxygLmlpylFIpJuOzxnBolbasBMJXVzBsfp7IkWhlIPQ150hUj0562Xif14rUZ0LN6U8ThThePJRJ2FQRTDLBrapIFixgSYIC6p3hbiHBMJKJ5jXIdizJ8+T+nHZPiuf3p4UKpfTOHJgHxyAErDBOaiAG1AFNYDBI3gGr+DNeDJejHfjY9K6YExn9sAfGJ8/a1Obtw==</latexit>

x⇤
k 2 arg max

x2Ek

|ek(x)|

<latexit sha1_base64="j1BRlJXrC5bu7joTDNsg7pO/BcY=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiDcEoejGZQV7gelQMmmmDc0kQ3JGKEMfw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4wEdyA6347haXlldW14nppY3Nre6e8u9c0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHdpN56YtpwJR9hlLAgJn3JI04JWMu/vfHdquudYC/olisWp8KL4OVQQbnq3fJXp6doGjMJVBBjfM9NIMiIBk4FG5c6qWEJoUPSZ75FSWJmgmy68hgfWaeHI6Xtk4Cn7u+JjMTGjOLQdsYEBma+NjH/q/kpRFdBxmWSApN09lGUCgwKT+7HPa4ZBTGyQKjmdldMB0QTCjalkg3Bmz95EZqnVe+iev5wVqld53EU0QE6RMfIQ5eohu5RHTUQRQo9o1f05oDz4rw7H7PWgpPP7KM/cj5/AGWoj10=</latexit>

B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:

-0.02

-0.01

0

0.01

0.02

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

<latexit sha1_base64="qO6XB2Cx4JYrvddcy9sgIfo7LbE=">AAAB/nicbVDJSgNBEK1xjXEbFU9eGoOQIIQZcUMQAl48RjALZIbQ0+lJmvQsdvdIwhDwV7x4UMSr3+HNv7GTzEETHxQ83quiqp4XcyaVZX0bC4tLyyurubX8+sbm1ra5s1uXUSIIrZGIR6LpYUk5C2lNMcVpMxYUBx6nDa9/M/Ybj1RIFoX3ahhTN8DdkPmMYKWltrnvFwela4cO4uLg2JEPQqWDUaltFqyyNQGaJ3ZGCpCh2ja/nE5EkoCGinAsZcu2YuWmWChGOB3lnUTSGJM+7tKWpiEOqHTTyfkjdKSVDvIjoStUaKL+nkhxIOUw8HRngFVPznpj8T+vlSj/0k1ZGCeKhmS6yE84UhEaZ4E6TFCi+FATTATTtyLSwwITpRPL6xDs2ZfnSf2kbJ+Xz+5OC5WrLI4cHMAhFMGGC6jALVShBgRSeIZXeDOejBfj3fiYti4Y2cwe/IHx+QNicpUe</latexit>

f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

do

while 

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6
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�
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⇤
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‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

• a maximum error point 
<latexit sha1_base64="LdhL3Pj6NgMQ8wdLEoDDrFa8KCg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUKQ5UgXgNDJYTEWCT6kJoQOa7bWnGcyHZQq7RfwMKvsDCAECszG3+D03aAliNd6fice+V7jx8zKpVlfRsLi0vLK6u5tfz6xubWtrmzW5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGH1xlfuOBCEkjfqcGMXFD1OW0QzFSWvLMYt8L7o+gQzl0kOg6Iep7aT97XnvBaEi8oNQ/HHpmwSpbY8B5Yk9JAUxR9cwvpx3hJCRcYYakbNlWrNwUCUUxI6O8k0gSIxygLmlpylFIpJuOzxnBolbasBMJXVzBsfp7IkWhlIPQ150hUj0562Xif14rUZ0LN6U8ThThePJRJ2FQRTDLBrapIFixgSYIC6p3hbiHBMJKJ5jXIdizJ8+T+nHZPiuf3p4UKpfTOHJgHxyAErDBOaiAG1AFNYDBI3gGr+DNeDJejHfjY9K6YExn9sAfGJ8/a1Obtw==</latexit>

x⇤
k 2 arg max

x2Ek

|ek(x)|

<latexit sha1_base64="j1BRlJXrC5bu7joTDNsg7pO/BcY=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiDcEoejGZQV7gelQMmmmDc0kQ3JGKEMfw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4wEdyA6347haXlldW14nppY3Nre6e8u9c0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHdpN56YtpwJR9hlLAgJn3JI04JWMu/vfHdquudYC/olisWp8KL4OVQQbnq3fJXp6doGjMJVBBjfM9NIMiIBk4FG5c6qWEJoUPSZ75FSWJmgmy68hgfWaeHI6Xtk4Cn7u+JjMTGjOLQdsYEBma+NjH/q/kpRFdBxmWSApN09lGUCgwKT+7HPa4ZBTGyQKjmdldMB0QTCjalkg3Bmz95EZqnVe+iev5wVqld53EU0QE6RMfIQ5eohu5RHTUQRQo9o1f05oDz4rw7H7PWgpPP7KM/cj5/AGWoj10=</latexit>

B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:
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<latexit sha1_base64="qO6XB2Cx4JYrvddcy9sgIfo7LbE=">AAAB/nicbVDJSgNBEK1xjXEbFU9eGoOQIIQZcUMQAl48RjALZIbQ0+lJmvQsdvdIwhDwV7x4UMSr3+HNv7GTzEETHxQ83quiqp4XcyaVZX0bC4tLyyurubX8+sbm1ra5s1uXUSIIrZGIR6LpYUk5C2lNMcVpMxYUBx6nDa9/M/Ybj1RIFoX3ahhTN8DdkPmMYKWltrnvFwela4cO4uLg2JEPQqWDUaltFqyyNQGaJ3ZGCpCh2ja/nE5EkoCGinAsZcu2YuWmWChGOB3lnUTSGJM+7tKWpiEOqHTTyfkjdKSVDvIjoStUaKL+nkhxIOUw8HRngFVPznpj8T+vlSj/0k1ZGCeKhmS6yE84UhEaZ4E6TFCi+FATTATTtyLSwwITpRPL6xDs2ZfnSf2kbJ+Xz+5OC5WrLI4cHMAhFMGGC6jALVShBgRSeIZXeDOejBfj3fiYti4Y2cwe/IHx+QNicpUe</latexit>

f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

do

while 

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6
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‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

• a maximum error point 
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x⇤
k 2 arg max

x2Ek

|ek(x)|
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B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:
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f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

do

while 

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6

<latexit sha1_base64="r5JZDSDy1IyAU1OfuaIKXjbLork="></latexit>�
|ek�1(x

⇤
k�1)|� µ(Dk�1)

�
/|ek�1(x

⇤
k�1)| > 10�4

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

• a maximum error point 
<latexit sha1_base64="LdhL3Pj6NgMQ8wdLEoDDrFa8KCg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUKQ5UgXgNDJYTEWCT6kJoQOa7bWnGcyHZQq7RfwMKvsDCAECszG3+D03aAliNd6fice+V7jx8zKpVlfRsLi0vLK6u5tfz6xubWtrmzW5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGH1xlfuOBCEkjfqcGMXFD1OW0QzFSWvLMYt8L7o+gQzl0kOg6Iep7aT97XnvBaEi8oNQ/HHpmwSpbY8B5Yk9JAUxR9cwvpx3hJCRcYYakbNlWrNwUCUUxI6O8k0gSIxygLmlpylFIpJuOzxnBolbasBMJXVzBsfp7IkWhlIPQ150hUj0562Xif14rUZ0LN6U8ThThePJRJ2FQRTDLBrapIFixgSYIC6p3hbiHBMJKJ5jXIdizJ8+T+nHZPiuf3p4UKpfTOHJgHxyAErDBOaiAG1AFNYDBI3gGr+DNeDJejHfjY9K6YExn9sAfGJ8/a1Obtw==</latexit>

x⇤
k 2 arg max

x2Ek

|ek(x)|

<latexit sha1_base64="j1BRlJXrC5bu7joTDNsg7pO/BcY=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiDcEoejGZQV7gelQMmmmDc0kQ3JGKEMfw40LRdz6NO58G9N2Ftr6Q+DjP+eQc/4wEdyA6347haXlldW14nppY3Nre6e8u9c0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHdpN56YtpwJR9hlLAgJn3JI04JWMu/vfHdquudYC/olisWp8KL4OVQQbnq3fJXp6doGjMJVBBjfM9NIMiIBk4FG5c6qWEJoUPSZ75FSWJmgmy68hgfWaeHI6Xtk4Cn7u+JjMTGjOLQdsYEBma+NjH/q/kpRFdBxmWSApN09lGUCgwKT+7HPa4ZBTGyQKjmdldMB0QTCjalkg3Bmz95EZqnVe+iev5wVqld53EU0QE6RMfIQ5eohu5RHTUQRQo9o1f05oDz4rw7H7PWgpPP7KM/cj5/AGWoj10=</latexit>

B = [0.01, 1]

<latexit sh a1_base64="nLBVOVjBgGTXnldxChFf9xH0S/E="></latexit>

r(x) =
p1 + p2 exp(x) + p3 sin(x)

q1 + q2x+ q3 cos(2x)

Example:

-0.02

-0.01

0

0.01

0.02

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

<latexit sha1_base64="qO6XB2Cx4JYrvddcy9sgIfo7LbE=">AAAB/nicbVDJSgNBEK1xjXEbFU9eGoOQIIQZcUMQAl48RjALZIbQ0+lJmvQsdvdIwhDwV7x4UMSr3+HNv7GTzEETHxQ83quiqp4XcyaVZX0bC4tLyyurubX8+sbm1ra5s1uXUSIIrZGIR6LpYUk5C2lNMcVpMxYUBx6nDa9/M/Ybj1RIFoX3ahhTN8DdkPmMYKWltrnvFwela4cO4uLg2JEPQqWDUaltFqyyNQGaJ3ZGCpCh2ja/nE5EkoCGinAsZcu2YuWmWChGOB3lnUTSGJM+7tKWpiEOqHTTyfkjdKSVDvIjoStUaKL+nkhxIOUw8HRngFVPznpj8T+vlSj/0k1ZGCeKhmS6yE84UhEaZ4E6TFCi+FATTATTtyLSwwITpRPL6xDs2ZfnSf2kbJ+Xz+5OC5WrLI4cHMAhFMGGC6jALVShBgRSeIZXeDOejBfj3fiYti4Y2cwe/IHx+QNicpUe</latexit>

f(x) = exp(x+
p
x)



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

Step 2. Find            and solution       to             <latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)
<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019 6

do

while 
<latexit sha1_base64="r5JZDSDy1IyAU1OfuaIKXjbLork="></latexit>�
|ek�1(x

⇤
k�1)|� µ(Dk�1)

�
/|ek�1(x

⇤
k�1)| > 10�4

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

• a maximum error point 
<latexit sha1_base64="LdhL3Pj6NgMQ8wdLEoDDrFa8KCg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUKQ5UgXgNDJYTEWCT6kJoQOa7bWnGcyHZQq7RfwMKvsDCAECszG3+D03aAliNd6fice+V7jx8zKpVlfRsLi0vLK6u5tfz6xubWtrmzW5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGH1xlfuOBCEkjfqcGMXFD1OW0QzFSWvLMYt8L7o+gQzl0kOg6Iep7aT97XnvBaEi8oNQ/HHpmwSpbY8B5Yk9JAUxR9cwvpx3hJCRcYYakbNlWrNwUCUUxI6O8k0gSIxygLmlpylFIpJuOzxnBolbasBMJXVzBsfp7IkWhlIPQ150hUj0562Xif14rUZ0LN6U8ThThePJRJ2FQRTDLBrapIFixgSYIC6p3hbiHBMJKJ5jXIdizJ8+T+nHZPiuf3p4UKpfTOHJgHxyAErDBOaiAG1AFNYDBI3gGr+DNeDJejHfjY9K6YExn9sAfGJ8/a1Obtw==</latexit>

x⇤
k 2 arg max

x2Ek

|ek(x)|

‣ there are also Second Remez Algorithms [2]
• potentially faster: exchange procedure (                                       )

<latexit sha1_base64="XAnfCX5DF4oajNFl9mWORWyc23g="></latexit>

|Dk| = m+ n, 8k > 0

• sensitive to choice of       and can fail to converge
<latexit sha1_base64="vMvelQQnzhUgtaemp43+OU7Ogqc=">AAACQHicbVDLSsNAFJ34rPXV6tJNsIiuSiK+cFXQhcuK9gFtKJPpTTp0ZhJmJkIJ/QS3+j/+hX/gTty6ctoGNK0HLhzOuZdzOX7MqNKO824tLa+srq0XNoqbW9s7u6XyXlNFiSTQIBGLZNvHChgV0NBUM2jHEjD3GbT84c3Ebz2BVDQSj3oUg8dxKGhACdZGerjtOb1Sxak6U9iLxM1IBWWo98rWcbcfkYSD0IRhpTquE2svxVJTwmBc7CYKYkyGOISOoQJzUF46/XVsHxmlbweRNCO0PVX/XqSYKzXivtnkWA/UvDcR//V8PpesgysvpSJONAgyCw4SZuvInhRh96kEotnIEEwkNb/bZIAlJtrUlU9lYWQWBvmAX5mSvAEi4VQDH5tq3fkiF0nztOpeVM/vzyq166zkAjpAh+gEuegS1dAdqqMGIihEz+gFvVpv1of1aX3NVpes7GYf5WB9/wAB6LDR</latexit>

D0



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

Step 2. Find            and solution       to             using ADC [4]<latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)

<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

Initialize active subset                 s.t. 

with starting active subset

<latexit sha1_base64="wETOzvd/tIP0ZH0xJbsQ07nKNe0=">AAACTHicbVBNSwMxFMxWrVq/qh48iBAsgqeyK34dPAh68Khoq9CWJZu+tsEkuyZvhbLsyV/jVf+Hd/+HNxFMaw/WOhAYZublPSZKpLDo++9eYWp6pjg7N19aWFxaXimvrtVtnBoONR7L2NxFzIIUGmooUMJdYoCpSMJtdH828G8fwVgR6xvsJ9BSrKtFR3CGTgrLW1lz+ElmoJ1fh37TppEFhAd6Hvp5WK74VX8IOkmCEamQES7DVW+j2Y55qkAjl8zaRuAn2MqYQcEl5KVmaiFh/J51oeGoZgpsKxuekNMdp7RpJzbuaaRD9fdExpS1fRW5pGLYs3+9gfif10ixc9zKhE5SBM1/FnVSSTGmg1JoWxjgKPuOMG6Eu5XyHjOMo6tufIvsxi7QU/n/suDjBuhUCQQ1qDL4W9wkqe9Vg8PqwdV+5fRkVOoc2STbZJcE5IickgtySWqEkyfyTF7Iq/fmfXif3tdPtOCNZtbJGArFb7b2tNM=</latexit>

S0 ✓ D0

<latexit sha1_base64="4468Xlit8F/LfyYwhRIxmbZJlOE=">AAACRXicbVDLSgMxFM3UV62vVkEXbgaLIAhlRnwtFApuXFa0D2iHkklv29AkMyQZoUznZ9zqf/gNfoQ7cauZtgtbeyBwOOfee8LxQ0aVdpwPK7O0vLK6ll3PbWxube/kC7s1FUSSQJUELJANHytgVEBVU82gEUrA3GdQ9wd3qV9/BqloIJ70MASP456gXUqwNlI7vx+3xkdiCZ1k9Nh2Rrf8VCTtfNEpOWPY/4k7JUU0RaVdsA5anYBEHIQmDCvVdJ1QezGWmhIGSa4VKQgxGeAeNA0VmIPy4nF2Yh8bpWN3A2me0PZY/bsRY67UkPtmkmPdV/NeKi7ympHuXnsxFWGkQZBJUDditg7stA27QyUQzYaGYCKp+atN+lhiok1nsymsF5iBPk8Wy5TMGiAiTjXwtEp3vrj/pHZWci9LFw/nxfLNtNQsOkRH6AS56AqV0T2qoCoiaIRe0Ct6s96tT+vL+p6MZqzpzh6agfXzC/LMsww=</latexit>

|S0| = m+ n

<latexit sha1_base64="Wfxh+Io4wretN46hstXj1l9CXuQ=">AAACP3icbVC7TsMwFHV4lvJqYWBgiaiQmKoE8RoYKrEwFkEfUhtFjnPTWrWdyHYqVVH+hBX+g8/gC9gQKxvuY6CPI1k6Oufee6wTJIwq7Tif1tr6xubWdmGnuLu3f3BYKh81VZxKAg0Ss1i2A6yAUQENTTWDdiIB84BBKxg8jP3WEKSisXjRowQ8jnuCRpRgbSS/VMq6kyOZhDB/9ge5X6o4VWcCe5m4M1JBM9T9snXSDWOSchCaMKxUx3US7WVYakoY5MVuqiDBZIB70DFUYA7KyyapuX1ulNCOYmme0PZE/b+RYa7UiAdmkmPdV4veWFzldVId3XkZFUmqQZBpUJQyW8f2uAc7pBKIZiNDMJHU/NUmfSwx0aat+RTWi81An+erZUrmDRAppxr4uEp3sbhl0rysujfV66erSu1+VmoBnaIzdIFcdItq6BHVUQMRNESv6A29Wx/Wl/Vt/UxH16zZzjGag/X7B1EcsNA=</latexit>

Sk

<latexit sha1_base64="KORYxsX7UFHvfdRMnVgRu0NOPeI=">AAACQ3icbVDLSgMxFM3UV62vVgUXbgaLIAhlRnwtXBTcuKxoH9AOJZPeaUOTzJBkhDrMv7jV//Aj/AZ34lYwnXZhaw8EDufce084fsSo0o7zYeWWlldW1/LrhY3Nre2dYmm3ocJYEqiTkIWy5WMFjAqoa6oZtCIJmPsMmv7wduw3n0AqGopHPYrA47gvaEAJ1kbqFveTTnYkkdBLH7rJ8NRN026x7FScDPZ/4k5JGU1R65asg04vJDEHoQnDSrVdJ9JegqWmhEFa6MQKIkyGuA9tQwXmoLwkS07tY6P07CCU5gltZ+rfjQRzpUbcN5Mc64Ga98biIq8d6+DaS6iIYg2CTIKCmNk6tMdd2D0qgWg2MgQTSc1fbTLAEhNtGptNYf3QDAx4ulimZNYAEXOqgY+rdOeL+08aZxX3snJxf16u3kxLzaNDdIROkIuuUBXdoRqqI4Ke0Qt6RW/Wu/VpfVnfk9GcNd3ZQzOwfn4BY62yTA==</latexit>

Sk+1 is final active subset when solving 
<latexit sha1_base64="CWo/VUOscpTHbZsXxVTdc6SukbQ="></latexit>

PR[Dk]

6

do

while 
<latexit sha1_base64="r5JZDSDy1IyAU1OfuaIKXjbLork="></latexit>�
|ek�1(x

⇤
k�1)|� µ(Dk�1)

�
/|ek�1(x

⇤
k�1)| > 10�4

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019.

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

• a maximum error point 
<latexit sha1_base64="LdhL3Pj6NgMQ8wdLEoDDrFa8KCg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUKQ5UgXgNDJYTEWCT6kJoQOa7bWnGcyHZQq7RfwMKvsDCAECszG3+D03aAliNd6fice+V7jx8zKpVlfRsLi0vLK6u5tfz6xubWtrmzW5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGH1xlfuOBCEkjfqcGMXFD1OW0QzFSWvLMYt8L7o+gQzl0kOg6Iep7aT97XnvBaEi8oNQ/HHpmwSpbY8B5Yk9JAUxR9cwvpx3hJCRcYYakbNlWrNwUCUUxI6O8k0gSIxygLmlpylFIpJuOzxnBolbasBMJXVzBsfp7IkWhlIPQ150hUj0562Xif14rUZ0LN6U8ThThePJRJ2FQRTDLBrapIFixgSYIC6p3hbiHBMJKJ5jXIdizJ8+T+nHZPiuf3p4UKpfTOHJgHxyAErDBOaiAG1AFNYDBI3gGr+DNeDJejHfjY9K6YExn9sAfGJ8/a1Obtw==</latexit>

x⇤
k 2 arg max

x2Ek

|ek(x)|

‣       : Chebyshev-proxy root finding [5]

‣        and              : adaptive differential correction (ADC) [3, 4]
Efficient Algorithm & Implementation:

<latexit sha1_base64="HqwElyxpTfG1eBX6vCNoZOfBpmU=">AAACRHicbVDLSgMxFM34rPXVKuLCzWAR6qbMiK+Fi4IuXFawD+gMJZPetqFJZkgyQhnmY9zqf/gP/oM7cSum0y7s40DgcM6994QTRIwq7Tif1srq2vrGZm4rv72zu7dfKB40VBhLAnUSslC2AqyAUQF1TTWDViQB84BBMxjej/3mC0hFQ/GsRxH4HPcF7VGCtZE6haPEy44kErqpx+PyQ2d4nnYKJafiZLAXiTslJTRFrVO0jr1uSGIOQhOGlWq7TqT9BEtNCYM078UKIkyGuA9tQwXmoPwki07tM6N07V4ozRPaztT/GwnmSo14YCY51gM1743FZV471r1bP6EiijUIMgnqxczWoT0uw+5SCUSzkSGYSGr+apMBlphoU9lsCuuHZmDA0+UyJbMGiJhTDXxcpTtf3CJpXFTc68rV02WpejctNYdO0CkqIxfdoCp6RDVURwQl6BW9oXfrw/qyvq2fyeiKNd05RDOwfv8A35iygg==</latexit>

µ(Dk)
<latexit sha1_base64="DiSjF5VQnHbz6zqg6SgE8ELpa+Q=">AAACQ3icbVDLSgMxFM3UV62vVgUXbgaL4KrMiK+Fi4IuXFawD2iHIZPetqFJZkgyQh3mX9zqf/gRfoM7cSuYTruwjwOBwzn33hNOEDGqtON8WrmV1bX1jfxmYWt7Z3evWNpvqDCWBOokZKFsBVgBowLqmmoGrUgC5gGDZjC8G/vNZ5CKhuJJjyLwOO4L2qMEayP5xcOkkx1JJHRT6Sf3/jBN/WLZqTgZ7EXiTkkZTVHzS9ZRpxuSmIPQhGGl2q4TaS/BUlPCIC10YgURJkPch7ahAnNQXpIlp/apUbp2L5TmCW1n6v+NBHOlRjwwkxzrgZr3xuIyrx3r3o2XUBHFGgSZBPViZuvQHndhd6kEotnIEEwkNX+1yQBLTLRpbDaF9UMzMODpcpmSWQNEzKkGPq7SnS9ukTTOK+5V5fLxoly9nZaaR8foBJ0hF12jKnpANVRHBL2gV/SG3q0P68v6tn4mozlrunOAZmD9/gEbhbKy</latexit>rDk

Idea: small active subsets
<latexit sha1_base64="frG4GO7nU30qCzY3m3kpd6Bq4Uo=">AAACCnicbVDLSsNAFJ3UV62vVJduBovgqiTia+GioAuXFe0D2hAm05t26GQSZyZKCf0Df8Gt7t2JW3/CrV/itM1CqwcuHM65l3M5QcKZ0o7zaRUWFpeWV4qrpbX1jc0tu7zdVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwYuK37kEqFotbPUrAi0hfsJBRoo3k2+Ubf4i7Kg0UaLjDl/7QtytO1ZkC/yVuTiooR923v7q9mKYRCE05UarjOon2MiI1oxzGpW6qICF0SPrQMVSQCJSXTV8f432j9HAYSzNC46n68yIjkVKjKDCbEdEDNe9NxH+9IJpL1uGZlzGRpBoEnQWHKcc6xpNecI9JoJqPDCFUMvM7pgMiCdWmvZIpxZ2v4C9pHlbdk+rx9VGldp7XU0S7aA8dIBedohq6QnXUQBQ9oCf0jF6sR+vVerPeZ6sFK7/ZQb9gfXwDJ1yaMg==</latexit>

Sk ✓ Dk
<latexit sha1_base64="CxQWJLvIzS5/6zGmUqfSR/kv3UU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgAgeI5oHJEuYncwmQ2Znl5leISz5BC8eFPHqF3nzb5wke9BoQUNR1U13V5BIYdB1v5zC0vLK6lpxvbSxubW9U97da5o41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRtdTv/XItRGxesBxwv2IDpQIBaNopfub3qhXrrhVdwbyl3g5qUCOeq/82e3HLI24QiapMR3PTdDPqEbBJJ+UuqnhCWUjOuAdSxWNuPGz2akTcmSVPgljbUshmak/JzIaGTOOAtsZURyaRW8q/ud1Ugwv/UyoJEWu2HxRmEqCMZn+TfpCc4ZybAllWthbCRtSTRnadEo2BG/x5b+keVL1zqtnd6eV2lUeRxEO4BCOwYMLqMEt1KEBDAbwBC/w6kjn2Xlz3uetBSef2YdfcD6+ARdYjas=</latexit>

Ek



Finding Solutions to              
<latexit sha1_base64="3h6/LySaIDEF4RFAEQn2LHe934Y=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyURX8uiG5dVTFtoQ5hMJ+3QySTMTIQaCv6HGxeKuPVT3Pk3TtoutHrgwuGce5kzJ0w5U9pxvqzS0vLK6lp5vbKxubVdtXd2WyrJJKEeSXgiOyFWlDNBPc00p51UUhyHnLbD0VXht++pVCwRd3qcUj/GA8EiRrA2UmBXm0EvxnoYhvntpHvpB3bNqTtToL/EnZMazNEM7M9ePyFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/HwafIIOjdJHUSLNCI2m6s+LHMdKjePQbBYh1aJXiP953UxHF37ORJppKsjsoSjjSCeoaAH1maRE87EhmEhmsiIyxBITbbqqmBLcxS//Ja3juntWP705qTW8x1kdZdiHAzgCF86hAdfQBA8IZPAEL/BqPVjP1pv1PlstWfMK9+AXrI9vt7STmw==</latexit>

PR[B]

Step 1.             and               finite set with
<latexit sha1_base64="ZFXnabcgVNIsSVvtnHrUgBP3hm0=">AAACOnicbVDLSgNBEJz1GeNbDx68DAbBU9gVX3gKePGoYB6QLDI76U2GzGOd6VVCyHd41f/wR7x6E69+gJOYg1ELGoqqarqpJJPCYRi+BjOzc/MLi4Wl4vLK6tr6xuZWzZnccqhyI41tJMyBFBqqKFBCI7PAVCKhnvQuRn79HqwTRt9gP4NYsY4WqeAMvRT3WhJSZNaaBxrebpTCcjgG/UuiCSmRCa5uN4OdVtvwXIFGLplzzSjMMB4wi4JLGBZbuYOM8R7rQNNTzRS4eDD+ekj3vdKmqbF+NNKx+nNjwJRzfZX4pGLYdb+9kfif18wxPYsHQmc5gubfh9JcUjR0VAFtCwscZd8Txq3wv1LeZZZx9EVNX5Ed4wNdNfxfFnzaAJ0rgaCGvsrod3F/Se2wHJ2Uj6+PSpXzSakFskv2yAGJyCmpkEtyRaqEkzvySJ7Ic/ASvAXvwcd3dCaY7GyTKQSfXwQ6rqk=</latexit>

k  0
<latexit sha1_base64="5UnIFEN3d4ZrpIUdwjX9F6kMXDY=">AAACO3icbVC7SgNBFJ31GeMzWljYDAbBKuyKL6yCWlhGMA9IYpid3CSDM7PrzF0hhPyHrf6HH2JtJ7b2Th6FeRy4cDjnXO7lhLEUFn3/01tYXFpeWU2tpdc3Nre2dzK7JRslhkORRzIylZBZkEJDEQVKqMQGmAollMOnm4FffgFjRaQfsBtDXbG2Fi3BGTrp8bbh12wSWkB4pteNnayf84egsyQYkywZo9DIePu1ZsQTBRq5ZNZWAz/Geo8ZFFxCP11LLMSMP7E2VB3VTIGt94Zv9+mRU5q0FRk3GulQ/b/RY8rargpdUjHs2GlvIM7zqgm2Lus9oeMEQfPRoVYiKUZ00AFtCgMcZdcRxo1wv1LeYYZxdE1NXpHtyAU6qj9fFnzSAJ0ogaD6rspgurhZUjrJBee5s/vTbP5qXGqKHJBDckwCckHy5I4USJFwYsgreSPv3of35X17P6Pogjfe2SMT8H7/AEb9rsM=</latexit>

D0 ✓ B
<latexit sha1_base64="oGknvLNHSWBXfex4ftCfAhwQDQc=">AAACQXicbVDJSgNBFOyJW4xbEg8evAwGQRDCjLjhKaAHjxHMAskQejovSZPunrG7RwzJ/IpX/Q+/wk/wJl692EnmYJaCB0XVe7yi/JBRpR3n00qtrK6tb6Q3M1vbO7t72Vy+qoJIEqiQgAWy7mMFjAqoaKoZ1EMJmPsMan7/duzXnkEqGohHPQjB47graIcSrI3UyuZHdy1n1OzCk2JYaJufGrHgFJ0J7EXiJqSAEpRbOeug2Q5IxEFowrBSDdcJtTfEUlPCIM40IwUhJn3chYahAnNQ3nASPraPjdK2O4E0YwJM1P8XQ8yVGnDfbHKse2reG4vLvEakO9fekIow0iDI9FEnYrYO7HETdptKIJoNDMFEUpPVJj0sMdGmr9kvrBuYhR6Pl8uUzBogIk418NhU6c4Xt0iqZ0X3snjxcF4o3SSlptEhOkInyEVXqITuURlVEEEv6BW9oXfrw/qyvq2f6WrKSm720Qys3z95KLDL</latexit>

|D0| > m+ n

Step 2. Find            and solution       to             using ADC [4]<latexit sha1_base64="ElGh485j05B9Qy3bQxf3cWMFEeY=">AAACNHicbVDLSgMxFE3qq9ZXqwsXbgaL4KrMiC9cFXThsoJ9QFuGTHrbhkkyQ5IRytCPcKv/4b8I7sSt32Cm7cI+DgQO55zLvTlBzJk2rvuJc2vrG5tb+e3Czu7e/kGxdNjQUaIo1GnEI9UKiAbOJNQNMxxasQIiAg7NILzP/OYLKM0i+WxGMXQFGUjWZ5QYKzWVnz744dgvlt2KO4GzTLwZKaMZan4JH3d6EU0ESEM50brtubHppkQZRjmMC51EQ0xoSAbQtlQSAbqbTu4dO2dW6Tn9SNknjTNR/0+kRGg9EoFNCmKGetHLxFVeOzH9227KZJwYkHS6qJ9wx0RO9nmnxxRQw0eWEKqYvdWhQ6IINbai+S18ENnAUIxXy4zOGyATwQyIrEpvsbhl0rioeNeVq6fLcvVuVmoenaBTdI48dIOq6BHVUB1RFKJX9Ibe8Qf+wt/4ZxrN4dnMEZoD/v0DUd2sVw==</latexit>rDk

<latexit sha1_base64="fITfNgzW0D9Xp1/6/2GpluRY0bY=">AAACQHicbVDLSsNAFJ3UV62vVhcu3ASL4Kok4gtXBV24rGIf0IYwmd62Q2cmYWailJBPcav/4V/4B+7ErSunbRb2ceDC4Zx7uYcTRIwq7TifVm5ldW19I79Z2Nre2d0rlvYbKowlgToJWShbAVbAqIC6pppBK5KAecCgGQxvx37zGaSioXjSowg8jvuC9ijB2kh+sVTzOxzrQRAkj2n7zh96frHsVJwJ7EXiZqSMMtT8knXY6YYk5iA0YViptutE2kuw1JQwSAudWEGEyRD3oW2owByUl0yyp/aJUbp2L5RmhLYn6v+LBHOlRjwwm+Ocat4bi8u8dqx7115CRRRrEGT6qBczW4f2uAi7SyUQzUaGYCKpyWqTAZaYaFPX7BfWD83CgKfLZUpmDRAxpxp4aqp054tbJI2zintZuXg4L1dvslLz6Agdo1PkoitURfeohuqIoBf0it7Qu/VhfVnf1s90NWdlNwdoBtbvHw+qsJ4=</latexit>

PR[Dk]
<latexit sha1_base64="dR23DJqjT49VzwpYJuR1otevt8s=">AAACNXicbVDLSgMxFM3UV62vVhcu3AwWoW7KjPjCVUEXLivYB7RDyaR32tAkMyQZoQzzE271P/wWF+7Erb9g2s7CPg4EDuecy705fsSo0o7zaeXW1jc2t/LbhZ3dvf2DYumwqcJYEmiQkIWy7WMFjApoaKoZtCMJmPsMWv7ofuK3XkAqGopnPY7A43ggaEAJ1kZqd3lceeiNznvFslN1prCXiZuRMspQ75Ws424/JDEHoQnDSnVcJ9JegqWmhEFa6MYKIkxGeAAdQwXmoLxkenBqnxmlbwehNE9oe6r+n0gwV2rMfZPkWA/VojcRV3mdWAe3XkJFFGsQZLYoiJmtQ3vye7tPJRDNxoZgIqm51SZDLDHRpqP5LWwQmsCQp6tlSuYNEDGnGnhqqnQXi1smzYuqe129eros1+6yUvPoBJ2iCnLRDaqhR1RHDUQQQ6/oDb1bH9aX9W39zKI5K5s5QnOwfv8AENesJw==</latexit>

µ(Dk)

<latexit sha1_base64="FlGdjZCAB8F/ReghcZA3W0AcahE=">AAACO3icbVDJSgNBFOyJW4xbogcPXgaD4MUwI24EhIAePEYwCyRx6Om8SZp09wzdPUIY5j+86n/4IZ69iVfvdpaDWQoeFFX1eI/yI0aVdpxPK7Oyura+kd3MbW3v7O7lC/t1FcaSQI2ELJRNHytgVEBNU82gGUnA3GfQ8Ad3I7/xAlLRUDzpYQQdjnuCBpRgbaRn8Abl2+BMesm9N0i9fNEpOWPYi8SdkiKaouoVrMN2NyQxB6EJw0q1XCfSnQRLTQmDNNeOFUSYDHAPWoYKzEF1kvHbqX1ilK4dhNKM0PZY/b+RYK7UkPsmybHuq3lvJC7zWrEObjoJFVGsQZDJoSBmtg7tUQd2l0ogmg0NwURS86tN+lhiok1Ts1dYLzSBPk+Xy5TMGiBiTjXwUZXufHGLpH5ecq9Kl48XxUp5WmoWHaFjdIpcdI0q6AFVUQ0RJNErekPv1of1ZX1bP5NoxpruHKAZWL9/Z8iu1g==</latexit>

ek := f � rDk

Step 3. Compute

<latexit sha1_base64="vabm52NsY98Sa7BpJ8BPzNxkcF8="></latexit>

Ek =

(
x 2 B

�����
x local extrema of ek over B

with |ek(x)| > µ(Dk)

)

<latexit sha1_base64="QddYvTcThGXOG1tUC+U0cY/5DgY=">AAACRnicbVDLSgMxFL1T3/XV6sKFm2ARBKHMiC8EQVDBpYJVoS1DJr1twySZIckIZZivcav/4S/4E+7ErWntwqoHAodzzuXenCgV3Fjff/NKU9Mzs3PzC+XFpeWV1Up17c4kmWbYYIlI9ENEDQqusGG5FfiQaqQyEngfxedD//4RteGJurWDFNuS9hTvckatk8LKxkWYx7tBcXJKLsKYtFiWksswLoeVml/3RyB/STAmNRjjOqx6G61OwjKJyjJBjWkGfmrbOdWWM4FFuZUZTCmLaQ+bjioq0bTz0Q8Ksu2UDukm2j1lyUj9OZFTacxARi4pqe2b395Q/M9rZrZ73M65SjOLin0v6maC2IQM6yAdrpFZMXCEMs3drYT1qabMutImt4he4gJ9WfwvczZpoMoktygLV2Xwu7i/5G6vHhzWD272a2cn41LnYRO2YAcCOIIzuIJraACDAp7gGV68V+/d+/A+v6MlbzyzDhMowRfmN7BW</latexit>

Dk+1 := Dk [ Ek

Step 4.                   
<latexit sha1_base64="M949sLjf2VGed1FwKBfK9PTum2Y=">AAACPnicbVDLSgNBEJyNrxhfUQ8evAwGQRDCrvjCU8CLRwWjgSSE2UlvMmQey0yvEkK+xKv+h7/hD3gTrx6dxByMpqChqKqmm4pTKRyG4VuQm5tfWFzKLxdWVtfWN4qbW3fOZJZDlRtpbC1mDqTQUEWBEmqpBaZiCfdx73Lk3z+AdcLoW+yn0FSso0UiOEMvtYobvYaEBJm15pH2DqNWsRSWwzHofxJNSIlMcN3aDHYabcMzBRq5ZM7VozDF5oBZFFzCsNDIHKSM91gH6p5qpsA1B+PPh3TfK22aGOtHIx2rvzcGTDnXV7FPKoZd99cbibO8eobJeXMgdJohaP5zKMkkRUNHNdC2sMBR9j1h3Ar/K+VdZhlHX9b0FdkxPtBVw9my4NMG6EwJBDX0VUZ/i/tP7o7K0Wn55Oa4VLmYlJonu2SPHJCInJEKuSLXpEo4ycgTeSYvwWvwHnwEnz/RXDDZ2SZTCL6+Aeefr4U=</latexit>

k  k + 1

Initialize active subset                 s.t. 

with starting active subset

is final active subset when solving 

[1] Modifications of the First Remez Algorithm, R. Reemtsen, SIAM Journal of Numerical Analysis, Vol. 27, No. 2, pp. 507–518, 1990. 
[2] Introduction to Approximation Theory, E. W. Cheney, AMS Chelsea Pub., 1982. 
[3] Uniform Approximation by Rational Functions Having Restricted Denominators, E.H. Kaufman Jr., G.D. Taylor, Journal of Approximation Theory, Vol. 32, No. 1, pp. 9–26, 1981. 
[4] An Adaptive Differential-Correction Algorithm, E.H. Kaufman Jr. and S.F. McCormick and G.D. Taylor, Journal of Approximation Theory, Vol. 37, No. 3, pp. 197–211, 1983. 
[5] Approximation Theory and Approximation Practice. Extended Edition, L.N. Trefethen, SIAM, 2019.

<latexit sha1_base64="PaPDL+B06vkNigpi4KLEwz9qncI=">AAACP3icbVC7SgNBFJ31/TbRwsJmMAhWYVd8FRaCFpYRjQrJssxObpLBmdl15m4ghPyJrf6Hn+EX2ImtnZNkC5N44MLhnHO5lxOnUlj0/Q9vZnZufmFxaXlldW19Y7NQ3Lq3SWY4VHkiE/MYMwtSaKiiQAmPqQGmYgkP8dPlwH/ogLEi0XfYTSFUrKVFU3CGTooKhdvIr9sstoDwTK8iPyqU/LI/BJ0mQU5KJEclKno79UbCMwUauWTW1gI/xbDHDAouob9SzyykjD+xFtQc1UyBDXvD1/t03ykN2kyMG410qP7d6DFlbVfFLqkYtu2kNxD/82oZNs/CntBphqD56FAzkxQTOuiBNoQBjrLrCONGuF8pbzPDOLq2xq/IVuICbdX/XxZ83ACdKYGg+q7KYLK4aXJ/WA5Oysc3R6WL87zUJbJL9sgBCcgpuSDXpEKqhJMOeSGv5M179z69L+97FJ3x8p1tMgbv5xc8C6+q</latexit>

S0 ✓ D0

<latexit sha1_base64="GNo6av2QQOZTEoRLGwJg21Hxfgw=">AAACNnicbVDLSgMxFM34rPXV6sKFm8EiCEKZEV8LhYIblxXtQ9qhZNI7bWiSGZKMUNr5Crf6H/6KG3fi1k8wbWdhHwcCh3PO5d4cP2JUacf5tJaWV1bX1jMb2c2t7Z3dXH6vqsJYEqiQkIWy7mMFjAqoaKoZ1CMJmPsMan7vbuTXXkAqGoon3Y/A47gjaEAJ1kZ6Hj62nOEtPxWtXMEpOmPY88RNSQGlKLfy1kGzHZKYg9CEYaUarhNpb4ClpoRBkm3GCiJMergDDUMF5qC8wfjixD42StsOQmme0PZY/T8xwFypPvdNkmPdVbPeSFzkNWIdXHsDKqJYgyCTRUHMbB3ao+/bbSqBaNY3BBNJza026WKJiTYlTW9hndAEujxZLFMybYCIOdXAE1OlO1vcPKmeFd3L4sXDeaF0k5aaQYfoCJ0gF12hErpHZVRBBHH0it7Qu/VhfVnf1s8kumSlM/toCtbvHx7DrLM=</latexit>

|S0| = m+ n

<latexit sha1_base64="WayTyM9LSpP5CzChbr4RRtA68WI=">AAACMHicbVDLSsNAFJ34rPXV6sKFm2ARXJVEfC1cFNy4rNQ+oA1lMr1Jh85MwsxEKCGf4Fb/w6/Rlbj1K5y2WdjHgYHDOedy7xw/ZlRpx/my1tY3Nre2CzvF3b39g8NS+ailokQSaJKIRbLjYwWMCmhqqhl0YgmY+wza/uhh4rdfQCoaiWc9jsHjOBQ0oARrIzUa/VG/VHGqzhT2MnFzUkE56v2yddIbRCThIDRhWKmu68TaS7HUlDDIir1EQYzJCIfQNVRgDspLp7dm9rlRBnYQSfOEtqfq/4kUc6XG3DdJjvVQLXoTcZXXTXRw56VUxIkGQWaLgoTZOrInH7cHVALRbGwIJpKaW20yxBITbeqZ38LCyASGPFstUzJvgEg41cAzU6W7WNwyaV1W3Zvq9dNVpXafl1pAp+gMXSAX3aIaekR11EQEhegVvaF368P6tL6tn1l0zcpnjtEcrN8/n1Cqdw==</latexit>

Sk

<latexit sha1_base64="VxolX9yBAzXIbAQXnq667wlIxNQ=">AAACNHicbVDLSsNAFJ34rPXV6sKFm2ARBKEk4mvhouDGZUX7gDaUyfSmHTozCTMToYR8hFv9D/9FcCdu/QYnbRb2cWDgcM653DvHjxhV2nE+rZXVtfWNzcJWcXtnd2+/VD5oqjCWBBokZKFs+1gBowIammoG7UgC5j6Dlj+6z/zWC0hFQ/GsxxF4HA8EDSjB2kitp14yOnfTXqniVJ0J7EXi5qSCctR7Zeuo2w9JzEFowrBSHdeJtJdgqSlhkBa7sYIIkxEeQMdQgTkoL5ncm9qnRunbQSjNE9qeqP8nEsyVGnPfJDnWQzXvZeIyrxPr4NZLqIhiDYJMFwUxs3VoZ5+3+1QC0WxsCCaSmlttMsQSE20qmt3CBqEJDHm6XKZk1gARc6qBZ1W688UtkuZF1b2uXj1eVmp3eakFdIxO0Bly0Q2qoQdURw1E0Ai9ojf0bn1YX9a39TONrlj5zCGagfX7B5sFq/M=</latexit>

Sk+1
<latexit sha1_base64="pivdNGUzyDljb5AwmwrNaiWmyBo=">AAACQHicbVC7SgNBFJ2NrxhfiRYWNotBsAq74quwCGhhGcU8IFmW2clNMmRmdpmZVcKyn2Kr/+Ff+Ad2YmvlJNnCPA5cOJxzL/dwgohRpR3n08qtrK6tb+Q3C1vbO7t7xdJ+Q4WxJFAnIQtlK8AKGBVQ11QzaEUSMA8YNIPh7dhvPoNUNBRPehSBx3Ff0B4lWBvJL5ZqfodjPQiC5DFt3/lDzy+WnYozgb1I3IyUUYaaX7IOO92QxByEJgwr1XadSHsJlpoSBmmhEyuIMBniPrQNFZiD8pJJ9tQ+MUrX7oXSjND2RP1/kWCu1IgHZnOcU817Y3GZ145179pLqIhiDYJMH/ViZuvQHhdhd6kEotnIEEwkNVltMsASE23qmv3C+qFZGPB0uUzJrAEi5lQDT02V7nxxi6RxVnEvKxcP5+XqTVZqHh2hY3SKXHSFquge1VAdEfSCXtEberc+rC/r2/qZruas7OYAzcD6/QMQRLCg</latexit>

PR[Dk]
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do

while 
<latexit sha1_base64="r5JZDSDy1IyAU1OfuaIKXjbLork="></latexit>�
|ek�1(x

⇤
k�1)|� µ(Dk�1)

�
/|ek�1(x

⇤
k�1)| > 10�4

‣ a family of Generalized First Remez Algorithms [1]

Notation:
• minimal error

<latexit sha1_base64="xE3BtilR75jIGhE4Use+TSa/u/c="></latexit>

µ(D) = min
r2RL(D)

kf � rk1,D , D ✓ B

• best approximation
<latexit sha1_base64="s0IPuOElRLqR3hx9EE1vv522nyU="></latexit>

rD = argminr2RL(D) kf � rk1,D

• a maximum error point 
<latexit sha1_base64="LdhL3Pj6NgMQ8wdLEoDDrFa8KCg=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJUKQ5UgXgNDJYTEWCT6kJoQOa7bWnGcyHZQq7RfwMKvsDCAECszG3+D03aAliNd6fice+V7jx8zKpVlfRsLi0vLK6u5tfz6xubWtrmzW5dRIjCp4YhFoukjSRjlpKaoYqQZC4JCn5GGH1xlfuOBCEkjfqcGMXFD1OW0QzFSWvLMYt8L7o+gQzl0kOg6Iep7aT97XnvBaEi8oNQ/HHpmwSpbY8B5Yk9JAUxR9cwvpx3hJCRcYYakbNlWrNwUCUUxI6O8k0gSIxygLmlpylFIpJuOzxnBolbasBMJXVzBsfp7IkWhlIPQ150hUj0562Xif14rUZ0LN6U8ThThePJRJ2FQRTDLBrapIFixgSYIC6p3hbiHBMJKJ5jXIdizJ8+T+nHZPiuf3p4UKpfTOHJgHxyAErDBOaiAG1AFNYDBI3gGr+DNeDJejHfjY9K6YExn9sAfGJ8/a1Obtw==</latexit>

x⇤
k 2 arg max

x2Ek

|ek(x)|

‣       : Chebyshev-proxy root finding [5]

‣        and              : adaptive differential correction (ADC) [3, 4]
Efficient Algorithm & Implementation:

<latexit sha1_base64="Ka5POlARXg2iiCQVjlUXwPP09vk=">AAACP3icbVDLSsNAFJ34rPWV6sKFm2ARXJVEfC1cFERwWcE+oA1hMr1th85MwsykUEL+xK3+h5/hF7gTt+6cpl3Yx4GBwzn33jOcMGZUadf9tNbWNza3tgs7xd29/YNDu3TUUFEiCdRJxCLZCrECRgXUNdUMWrEEzEMGzXD4MPGbI5CKRuJFj2PwOe4L2qMEayMFtp128iOphG72GAyzwC67FTeHs0y8GSmjGWpByTrpdCOScBCaMKxU23Nj7adYakoYZMVOoiDGZIj70DZUYA7KT/PUzDk3StfpRdI8oZ1c/b+RYq7UmIdmkmM9UIveRFzltRPdu/NTKuJEgyDToF7CHB05kx6cLpVANBsbgomk5q8OGWCJiTZtzaewfmQGBjxbLVMyb4BIONXAJ1V6i8Utk8ZlxbupXD9flav3s1IL6BSdoQvkoVtURU+ohuqIoBF6RW/o3fqwvqxv62c6umbNdo7RHKzfPzfmsMI=</latexit>

Ek

Idea: small active subsets
<latexit sha1_base64="frG4GO7nU30qCzY3m3kpd6Bq4Uo=">AAACCnicbVDLSsNAFJ3UV62vVJduBovgqiTia+GioAuXFe0D2hAm05t26GQSZyZKCf0Df8Gt7t2JW3/CrV/itM1CqwcuHM65l3M5QcKZ0o7zaRUWFpeWV4qrpbX1jc0tu7zdVHEqKTRozGPZDogCzgQ0NNMc2okEEgUcWsHwYuK37kEqFotbPUrAi0hfsJBRoo3k2+Ubf4i7Kg0UaLjDl/7QtytO1ZkC/yVuTiooR923v7q9mKYRCE05UarjOon2MiI1oxzGpW6qICF0SPrQMVSQCJSXTV8f432j9HAYSzNC46n68yIjkVKjKDCbEdEDNe9NxH+9IJpL1uGZlzGRpBoEnQWHKcc6xpNecI9JoJqPDCFUMvM7pgMiCdWmvZIpxZ2v4C9pHlbdk+rx9VGldp7XU0S7aA8dIBedohq6QnXUQBQ9oCf0jF6sR+vVerPeZ6sFK7/ZQb9gfXwDJ1yaMg==</latexit>

Sk ✓ Dk

<latexit sha1_base64="JK4yXyZqReQNO0pzIxVEtW9RPdk=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiTia+GioAuXFewD2hAm00k7ZGYSZiZCCf0INy4Ucev3uPNvnLZZaOuBC4dz7uXee8KUM21c99sprayurW+UNytb2zu7e9X9g7ZOMkVoiyQ8Ud0Qa8qZpC3DDKfdVFEsQk47YXw79TtPVGmWyEczTqkv8FCyiBFsrNRRQX4XxJOgWnPr7gxomXgFqUGBZlD96g8SkgkqDeFY657npsbPsTKMcDqp9DNNU0xiPKQ9SyUWVPv57NwJOrHKAEWJsiUNmqm/J3IstB6L0HYKbEZ60ZuK/3m9zETXfs5kmhkqyXxRlHFkEjT9HQ2YosTwsSWYKGZvRWSEFSbGJlSxIXiLLy+T9lndu6xfPJzXGjdFHGU4gmM4BQ+uoAH30IQWEIjhGV7hzUmdF+fd+Zi3lpxi5hD+wPn8AWXQj5s=</latexit>rDk

<latexit sha1_base64="8oPtp6RQc4G6nq4d2EKY8PCQKhI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMQL2FX4uPgIaAHjxHMA5IlzE5mkyEzs+vMrBCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1cQc6aN6347uZXVtfWN/GZha3tnd6+4f9DUUaIIbZCIR6odYE05k7RhmOG0HSuKRcBpKxjdTP3WE1WaRfLBjGPqCzyQLGQEGyu1uyIp3/ZGp71iya24M6Bl4mWkBBnqveJXtx+RRFBpCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVGJBtZ/O7p2gE6v0URgpW9Kgmfp7IsVC67EIbKfAZqgXvan4n9dJTHjlp0zGiaGSzBeFCUcmQtPnUZ8pSgwfW4KJYvZWRIZYYWJsRAUbgrf48jJpnlW8i8r5fbVUu87iyMMRHEMZPLiEGtxBHRpAgMMzvMKb8+i8OO/Ox7w152Qzh/AHzucPNGCPaw==</latexit>

µ(Dk)



Finding Solutions to              
<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]
‣ we extend the polynomial fpminimax approach from Sollya [1] to the nonlinear rational setting

[1] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞ 7



Finding Solutions to              
<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]
‣ we extend the polynomial fpminimax approach from Sollya [1] to the nonlinear rational setting

Step 1. from solution                                  to            , up to normalizing and reordering, we want 
<latexit sha1_base64="tOoC5OetwEqAz3x0RDPVhm9PncY=">AAACPnicbVDLSsNAFJ3UV62Ptrpw4SZYBFclEV/LqhuXVewD0hAm09t26MwkzEyEEvIlbvU//A1/wJ24den0sbCPAxcO59zLPZwwZlRpx/m0cmvrG5tb+e3Czu7efrFUPmiqKJEEGiRikWyHWAGjAhqaagbtWALmIYNWOLwf+60XkIpG4lmPYvA57gvaowRrIwWlYj3ocKwHYZg+Zd6dH5QqTtWZwF4m7oxU0Az1oGwddboRSTgITRhWynOdWPsplpoSBlmhkyiIMRniPniGCsxB+ekkeWafGqVr9yJpRmh7ov6/SDFXasRDszlOqRa9sbjK8xLdu/FTKuJEgyDTR72E2TqyxzXYXSqBaDYyBBNJTVabDLDERJuy5r+wfmQWBjxbLVMyb4BIONXAM1Olu1jcMmmeV92r6uXjRaV2Oys1j47RCTpDLrpGNfSA6qiBCErQK3pD79aH9WV9Wz/T1Zw1uzlEc7B+/wBN9K/F</latexit>

PR[B]
<latexit sha1_base64="6gsivDykGkXpwUn9VsFFgZRj/0I="></latexit>

r = P/Q 2 RL(B)

s.t.                              are desired machine-coefficient  
values and                      is minimized

<latexit sha1_base64="3QKqIjx8zv4+F+HBTbhALG+5ZeU="></latexit>

kf � brk1,B

[1] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞

How?

7

<latexit sha1_base64="Sex+aqBDkw5EwOmZ2tLZXz3KsK0="></latexit>

br(x) =
Pm

i=1 bpi�i(x)
 1(x) +

Pn
i=2 bqi i(x)

<latexit sha1_base64="vC3vCympgFIg00VYq5/W8SP40Jk="></latexit>

{bpi}mi=1 , {bqi}
n
i=2



Finding Solutions to              
<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]
‣ we extend the polynomial fpminimax approach from Sollya [1] to the nonlinear rational setting

Step 1. from solution                                  to            , up to normalizing and reordering, we want 
<latexit sha1_base64="tOoC5OetwEqAz3x0RDPVhm9PncY=">AAACPnicbVDLSsNAFJ3UV62Ptrpw4SZYBFclEV/LqhuXVewD0hAm09t26MwkzEyEEvIlbvU//A1/wJ24den0sbCPAxcO59zLPZwwZlRpx/m0cmvrG5tb+e3Czu7efrFUPmiqKJEEGiRikWyHWAGjAhqaagbtWALmIYNWOLwf+60XkIpG4lmPYvA57gvaowRrIwWlYj3ocKwHYZg+Zd6dH5QqTtWZwF4m7oxU0Az1oGwddboRSTgITRhWynOdWPsplpoSBlmhkyiIMRniPniGCsxB+ekkeWafGqVr9yJpRmh7ov6/SDFXasRDszlOqRa9sbjK8xLdu/FTKuJEgyDTR72E2TqyxzXYXSqBaDYyBBNJTVabDLDERJuy5r+wfmQWBjxbLVMyb4BIONXAM1Olu1jcMmmeV92r6uXjRaV2Oys1j47RCTpDLrpGNfSA6qiBCErQK3pD79aH9WV9Wz/T1Zw1uzlEc7B+/wBN9K/F</latexit>

PR[B]
<latexit sha1_base64="6gsivDykGkXpwUn9VsFFgZRj/0I="></latexit>

r = P/Q 2 RL(B)

s.t.                              are desired machine-coefficient  
values and                      is minimized

<latexit sha1_base64="3QKqIjx8zv4+F+HBTbhALG+5ZeU="></latexit>

kf � brk1,B

or equivalently

s.t.                             are integers and   
<latexit sha1_base64="x7TbiJ4HWJhXk36X9ufgp+NrTEQ="></latexit>

b�i(x) = 2�ui�i(x), b i(x) = 2�vi i(x),
where           are exponents of rounded coeffs.          of <latexit sha1_base64="b2Bb3hRTxqySeuUJ0AWxjzdxeBI=">AAACNXicbVDLSgMxFE181vpqdeHCTbAILqTMiK9lxY3LCvYBbSmZ9E4bmmSGJFMopT/hVv/Db3HhTtz6C6btLOzjQOBwzrncmxPEghvreZ94bX1jc2s7s5Pd3ds/OMzlj6omSjSDCotEpOsBNSC4gorlVkA91kBlIKAW9B8nfm0A2vBIvdhhDC1Ju4qHnFHrpHrS5pdk0ObtXMErelOQZeKnpIBSlNt5fNLsRCyRoCwT1JiG78W2NaLaciZgnG0mBmLK+rQLDUcVlWBao+nBY3LulA4JI+2esmSq/p8YUWnMUAYuKantmUVvIq7yGokN71sjruLEgmKzRWEiiI3I5PekwzUwK4aOUKa5u5WwHtWUWdfR/BbRjVygJ8erZc7mDVCJ5Bbk2FXpLxa3TKpXRf+2ePN8XSg9pKVm0Ck6QxfIR3eohJ5QGVUQQwK9ojf0jj/wF/7GP7PoGk5njtEc8O8fXfusWA==</latexit>ui, vi

<latexit sha1_base64="9zXqf3G2UC+pIlLfyZIGJmtcf+A=">AAACNXicbVDLSgMxFE181vpqdeHCTbAILqTMiK9lxY3LCvYBbRky6W0bmmTGJCOUoT/hVv/Db3HhTtz6C6aPhX0cCBzOOZd7c8JYcGM97xOvrK6tb2xmtrLbO7t7+7n8QdVEiWZQYZGIdD2kBgRXULHcCqjHGqgMBdTC/v3Ir72ANjxST3YQQ0vSruIdzqh1Uj0O+Dl5DniQK3hFbwyySPwpKaApykEeHzXbEUskKMsENabhe7FtpVRbzgQMs83EQExZn3ah4aiiEkwrHR88JKdOaZNOpN1TlozV/xMplcYMZOiSktqemfdG4jKvkdjObSvlKk4sKDZZ1EkEsREZ/Z60uQZmxcARyjR3txLWo5oy6zqa3SK6kQv05HC5zNmsASqR3IIcuir9+eIWSfWi6F8Xrx4vC6W7aakZdIxO0Bny0Q0qoQdURhXEkECv6A294w/8hb/xzyS6gqczh2gG+PcPS+qsTg==</latexit>pi, qi
<latexit sha1_base64="w9Kf7V4vF+sn1sUJMIrXm8mVg+E=">AAACLnicbVDLSgMxFM3UV62vVhcu3ASL4KrMiK9lxY3LFuwD2qFk0jttaJIZkoxQhn6BW/0Pv0ZwIW79DNN2FvZxIHA451zuzQlizrRx3S8nt7G5tb2T3y3s7R8cHhVLx00dJYpCg0Y8Uu2AaOBMQsMww6EdKyAi4NAKRo9Tv/UCSrNIPptxDL4gA8lCRomxUl31imW34s6AV4mXkTLKUOuVnNNuP6KJAGkoJ1p3PDc2fkqUYZTDpNBNNMSEjsgAOpZKIkD76ezSCb6wSh+HkbJPGjxT/0+kRGg9FoFNCmKGetmbiuu8TmLCez9lMk4MSDpfFCYcmwhPv437TAE1fGwJoYrZWzEdEkWoseUsbuGDyAaGYrJeZnTRAJkIZkBMbJXecnGrpHlV8W4rN/XrcvUhKzWPztA5ukQeukNV9IRqqIEoAvSK3tC78+F8Ot/Ozzyac7KZE7QA5/cPI3mpvQ==</latexit>r

[1] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞

How?

7

<latexit sha1_base64="Sex+aqBDkw5EwOmZ2tLZXz3KsK0="></latexit>

br(x) =
Pm

i=1 bpi�i(x)
 1(x) +

Pn
i=2 bqi i(x)

<latexit sha1_base64="vC3vCympgFIg00VYq5/W8SP40Jk="></latexit>

{bpi}mi=1 , {bqi}
n
i=2

<latexit sha1_base64="i81yyoEmRq2xx8q/WUS09zY7fXw="></latexit>

{ai}mi=1 , {bi}
n
i=2

<latexit sha1_base64="H21e4gIEm0/Ft6sv41XlkHjKeT0="></latexit>

br(x) =
Pm

i=1 ai
b�i(x)

 1(x) +
Pn

i=2 bi
b i(x)



Finding Solutions to              
<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]
‣ we extend the polynomial fpminimax approach from Sollya [1] to the nonlinear rational setting

How?

Step 2. choose                             distinct points                from     + linearize problem
<latexit sha1_base64="Tqjoch13Mjjl2ySC+9lqL0vfafI=">AAACQXicbVDLSsNAFJ3UV62vti5cuAkWQRBLIr6WFTeupIJ9QBvCZHrbDp2ZxJmJWEJ/xa3+h1/hJ7gTt26ctlnY2gMXDufcyz2cIGJUacf5sDJLyyura9n13Mbm1vZOvlCsqzCWBGokZKFsBlgBowJqmmoGzUgC5gGDRjC4GfuNJ5CKhuJBDyPwOO4J2qUEayP5+eKdL9s9eFQMC23zY3Hi+vmSU3YmsP8TNyUllKLqF6y9dickMQehCcNKtVwn0l6CpaaEwSjXjhVEmAxwD1qGCsxBeckk/Mg+NErH7obSjIkwUf9eJJgrNeSB2eRY99W8NxYXea1Yd6+8hIoo1iDI9FE3ZrYO7XETdodKIJoNDcFEUpPVJn0sMdGmr9kvrBeahT4fLZYpmTVAxJxq4CNTpTtf3H9SPy27F+Xz+7NS5TotNYv20QE6Qi66RBV0i6qohgh6Ri/oFb1Z79an9WV9T1czVnqzi2Zg/fwC8GqwhA==</latexit>

Nr > m+ n� 1
<latexit sha1_base64="NN2vL1ueI6rKVELt997pYdLnPWQ=">AAACLnicbVDLSgMxFM34rPXV6sKFm2ARXJUZ8bWsunHZgn1AO5RMetuGJpkhyQhlmC9wq//h1wguxK2fYdrOwj4OBA7nnMu9OUHEmTau++WsrW9sbm3ndvK7e/sHh4XiUUOHsaJQpyEPVSsgGjiTUDfMcGhFCogIODSD0ePEb76A0iyUz2YcgS/IQLI+o8RYqfbQLZTcsjsFXiZeRkooQ7VbdE46vZDGAqShnGjd9tzI+AlRhlEOab4Ta4gIHZEBtC2VRID2k+mlKT63Sg/3Q2WfNHiq/p9IiNB6LAKbFMQM9aI3EVd57dj07/yEySg2IOlsUT/m2IR48m3cYwqo4WNLCFXM3orpkChCjS1nfgsfhDYwFOlqmdF5A2QsmAGR2iq9xeKWSeOy7N2Ur2tXpcp9VmoOnaIzdIE8dIsq6AlVUR1RBOgVvaF358P5dL6dn1l0zclmjtEcnN8/zYqpjQ==</latexit>

B
<latexit sha1_base64="okt2KXqYTbNrvVTodahBDCwgsM0="></latexit>

{xk}Nr

k=1

‣ we want to find integer          s.t.                                                   is minimized
<latexit sha1_base64="wIMrdfSXP0TIgl9KS/ZT0swULr8=">AAACRXicbVDJSgNBFOyJW4xbokcvjUH0IGFG3I4RLx4jmAWSYejpvCRNehm6e4QQ8hNe9X/8Bj/Cm3jVzgKaxIIHRdV71KPihDNjff/dy6ysrq1vZDdzW9s7u3v5wn7NqFRTqFLFlW7ExABnEqqWWQ6NRAMRMYd63L8b+/Un0IYp+WgHCYSCdCXrMEqskxokYmc4jliUL/olfwK8TIIZKaIZKlHBO2m1FU0FSEs5MaYZ+IkNh0RbRjmMcq3UQEJon3Sh6agkAkw4nDw8wsdOaeOO0m6kxRP178WQCGMGInabgtieWfTG4r9eLBaSbecmHDKZpBYknQZ3Uo6twuM2cJtpoJYPHCFUM/c7pj2iCbWus/lU3lVuoTcf8CszOm+ATAWzIEau2mCxyGVSOy8FV6XLh4ti+XZWchYdoiN0igJ0jcroHlVQFVHE0TN6Qa/em/fhfXpf09WMN7s5QHPwvn8AGnuy1g==</latexit>

ai, bi

[1] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞ 7

<latexit sha1_base64="dZGoBa5qRzeAaDsyX1gF5PC0kJ0="></latexit>�����

mX

i=1

ai↵i +
nX

i=2

bi�i � r

�����
1

<latexit sha1_base64="/0xcrj4akTF/53KSGntpKHsm6b8="></latexit>

mX

i=1

ai

2

66664

b�i(x1)
b�i(x2)

...
b�i(xNr )

3

77775

| {z }
↵i

+
nX

i=2

bi

2

66664

�r(x1) b i(x1)

�r(x2) b i(x2)
...

�r(xNr ) b i(xNr )

3

77775

| {z }
�i

'

2

6664

r(x1) 1(x1)
r(x2) 1(x2)

...
r(xNr ) 1(xNr )

3

7775

| {z }
r



Finding Solutions to              
<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]
‣ we extend the polynomial fpminimax approach from Sollya [1] to the nonlinear rational setting

How?

Step 2. choose                             distinct points                from     + linearize problem
<latexit sha1_base64="Tqjoch13Mjjl2ySC+9lqL0vfafI=">AAACQXicbVDLSsNAFJ3UV62vti5cuAkWQRBLIr6WFTeupIJ9QBvCZHrbDp2ZxJmJWEJ/xa3+h1/hJ7gTt26ctlnY2gMXDufcyz2cIGJUacf5sDJLyyura9n13Mbm1vZOvlCsqzCWBGokZKFsBlgBowJqmmoGzUgC5gGDRjC4GfuNJ5CKhuJBDyPwOO4J2qUEayP5+eKdL9s9eFQMC23zY3Hi+vmSU3YmsP8TNyUllKLqF6y9dickMQehCcNKtVwn0l6CpaaEwSjXjhVEmAxwD1qGCsxBeckk/Mg+NErH7obSjIkwUf9eJJgrNeSB2eRY99W8NxYXea1Yd6+8hIoo1iDI9FE3ZrYO7XETdodKIJoNDcFEUpPVJn0sMdGmr9kvrBeahT4fLZYpmTVAxJxq4CNTpTtf3H9SPy27F+Xz+7NS5TotNYv20QE6Qi66RBV0i6qohgh6Ri/oFb1Z79an9WV9T1czVnqzi2Zg/fwC8GqwhA==</latexit>

Nr > m+ n� 1
<latexit sha1_base64="NN2vL1ueI6rKVELt997pYdLnPWQ=">AAACLnicbVDLSgMxFM34rPXV6sKFm2ARXJUZ8bWsunHZgn1AO5RMetuGJpkhyQhlmC9wq//h1wguxK2fYdrOwj4OBA7nnMu9OUHEmTau++WsrW9sbm3ndvK7e/sHh4XiUUOHsaJQpyEPVSsgGjiTUDfMcGhFCogIODSD0ePEb76A0iyUz2YcgS/IQLI+o8RYqfbQLZTcsjsFXiZeRkooQ7VbdE46vZDGAqShnGjd9tzI+AlRhlEOab4Ta4gIHZEBtC2VRID2k+mlKT63Sg/3Q2WfNHiq/p9IiNB6LAKbFMQM9aI3EVd57dj07/yEySg2IOlsUT/m2IR48m3cYwqo4WNLCFXM3orpkChCjS1nfgsfhDYwFOlqmdF5A2QsmAGR2iq9xeKWSeOy7N2Ur2tXpcp9VmoOnaIzdIE8dIsq6AlVUR1RBOgVvaF358P5dL6dn1l0zclmjtEcnN8/zYqpjQ==</latexit>

B
<latexit sha1_base64="okt2KXqYTbNrvVTodahBDCwgsM0="></latexit>

{xk}Nr

k=1

‣ we want to find integer          s.t.                                                   is minimized
<latexit sha1_base64="wIMrdfSXP0TIgl9KS/ZT0swULr8=">AAACRXicbVDJSgNBFOyJW4xbokcvjUH0IGFG3I4RLx4jmAWSYejpvCRNehm6e4QQ8hNe9X/8Bj/Cm3jVzgKaxIIHRdV71KPihDNjff/dy6ysrq1vZDdzW9s7u3v5wn7NqFRTqFLFlW7ExABnEqqWWQ6NRAMRMYd63L8b+/Un0IYp+WgHCYSCdCXrMEqskxokYmc4jliUL/olfwK8TIIZKaIZKlHBO2m1FU0FSEs5MaYZ+IkNh0RbRjmMcq3UQEJon3Sh6agkAkw4nDw8wsdOaeOO0m6kxRP178WQCGMGInabgtieWfTG4r9eLBaSbecmHDKZpBYknQZ3Uo6twuM2cJtpoJYPHCFUM/c7pj2iCbWus/lU3lVuoTcf8CszOm+ATAWzIEau2mCxyGVSOy8FV6XLh4ti+XZWchYdoiN0igJ0jcroHlVQFVHE0TN6Qa/em/fhfXpf09WMN7s5QHPwvn8AGnuy1g==</latexit>

ai, bi TOO DIFFICULT

‣ search for integer          s.t.                                                is approximately minimized
<latexit sha1_base64="wIMrdfSXP0TIgl9KS/ZT0swULr8=">AAACRXicbVDJSgNBFOyJW4xbokcvjUH0IGFG3I4RLx4jmAWSYejpvCRNehm6e4QQ8hNe9X/8Bj/Cm3jVzgKaxIIHRdV71KPihDNjff/dy6ysrq1vZDdzW9s7u3v5wn7NqFRTqFLFlW7ExABnEqqWWQ6NRAMRMYd63L8b+/Un0IYp+WgHCYSCdCXrMEqskxokYmc4jliUL/olfwK8TIIZKaIZKlHBO2m1FU0FSEs5MaYZ+IkNh0RbRjmMcq3UQEJon3Sh6agkAkw4nDw8wsdOaeOO0m6kxRP178WQCGMGInabgtieWfTG4r9eLBaSbecmHDKZpBYknQZ3Uo6twuM2cJtpoJYPHCFUM/c7pj2iCbWus/lU3lVuoTcf8CszOm+ATAWzIEau2mCxyGVSOy8FV6XLh4ti+XZWchYdoiN0igJ0jcroHlVQFVHE0TN6Qa/em/fhfXpf09WMN7s5QHPwvn8AGnuy1g==</latexit>

ai, bi

[1] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞ 7

<latexit sha1_base64="dZGoBa5qRzeAaDsyX1gF5PC0kJ0="></latexit>�����

mX

i=1

ai↵i +
nX

i=2

bi�i � r

�����
1

<latexit sha1_base64="mhGMDQWvSof9M6OJD1iJtv3ty/k="></latexit>�����

mX

i=1

ai↵i +
nX

i=2

bi�i � r

�����
2

<latexit sha1_base64="/0xcrj4akTF/53KSGntpKHsm6b8="></latexit>

mX

i=1

ai

2

66664

b�i(x1)
b�i(x2)

...
b�i(xNr )

3

77775

| {z }
↵i

+
nX

i=2

bi

2

66664

�r(x1) b i(x1)

�r(x2) b i(x2)
...

�r(xNr ) b i(xNr )

3

77775

| {z }
�i

'

2

6664

r(x1) 1(x1)
r(x2) 1(x2)

...
r(xNr ) 1(xNr )

3

7775

| {z }
r



Finding Solutions to              
<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]
‣ we extend the polynomial fpminimax approach from Sollya [1] to the nonlinear rational setting

Challenges

[1] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞ 7

What is the best normalization choice?
<latexit sha1_base64="8csnmQbKSpUWnncG+v04orAjEjU="></latexit>

br(x) =
Pm

i=1 bpi�i(x)
 1(x) +

Pn
i=2 bqi i(x)

Heuristic: sweep through          binade (128 different values)
<latexit sha1_base64="dOAk4OTpAlnAUB7rh+K4PHOAuho=">AAACQnicbVDLSsNAFJ3UV62vVpdugkVUkJIUXyspuHFZwbSFNpTJ9KYdOjMJMxOhlH6DW/0ff8JfcCduXThtA5rWAxcO59zLuZwgZlRpx3m3ciura+sb+c3C1vbO7l6xtN9QUSIJeCRikWwFWAGjAjxNNYNWLAHzgEEzGN5N/eYTSEUj8ahHMfgc9wUNKcHaSF7bPa+edYtlp+LMYC8TNyVllKLeLVknnV5EEg5CE4aVartOrP0xlpoSBpNCJ1EQYzLEfWgbKjAH5Y9n307sY6P07DCSZoS2Z+rfizHmSo14YDY51gO16E3Ff72ALyTr8MYfUxEnGgSZB4cJs3VkT6uwe1QC0WxkCCaSmt9tMsASE20Ky6ayfmQWBtmAX5mSrAEi4VQDn5hq3cUil0mjWnGvKpcPF+XabVpyHh2iI3SKXHSNauge1ZGHCKLoGb2gV+vN+rA+ra/5as5Kbw5QBtb3D8W8sSk=</latexit>

[1, 2)



Finding Solutions to              
<latexit sha1_base64="aE1uyAbIkietrFR8vGjHLTe4Oso=">AAACPnicbVHLSgMxFM3UV62Ptrpw4WawCK7KjPhaFgVxWcE+YDoMmfS2DU0yQ5IRyjDgf7jV//A3/AF34tal6WNhHxcCh3NOuIdzw5hRpR3n08qtrW9sbuW3Czu7e/vFUvmgqaJEEmiQiEWyHWIFjApoaKoZtGMJmIcMWuHwbqy3nkEqGoknPYrB57gvaI8SrA0VlIr1oMOxHoRhep95t35QqjhVZzL2MnBnoIJmUw/K1lGnG5GEg9CEYaU814m1n2KpKWGQFTqJghiTIe6DZ6DAHJSfTpJn9qlhunYvkuYJbU/Y/z9SzJUa8dA4xynVojYmV2leons3fkpFnGgQZLqolzBbR/a4BrtLJRDNRgZgIqnJapMBlphoU9b8FtaPjGHAs9U0JfMCiIRTDTwzVbqLxS2D5nnVvapePl5Uao2Xaal5dIxO0Bly0TWqoQdURw1EUIJe0Rt6tz6sL+vb+plac9bsEIdobqzfP2RQsE0=</latexit>

PF[B]
‣ we extend the polynomial fpminimax approach from Sollya [1] to the nonlinear rational setting

Challenges

[1] Efficient Polynomial -Approximations, N. Brisebarre and S. Chevillard, ARITH-18, 2008.L∞ 7

What is the best normalization choice?

How many and which discretization nodes?

<latexit sha1_base64="8csnmQbKSpUWnncG+v04orAjEjU="></latexit>

br(x) =
Pm

i=1 bpi�i(x)
 1(x) +

Pn
i=2 bqi i(x)

‣ in polynomial case, nb. of points close to the degree [1] (i.e., zeros of            or Chebyshev nodes)
<latexit sha1_base64="foJZnNDCKjG/Gzne7yG/yDcoCD8=">AAACQHicbVDLSsNAFJ34rPXV6tJNsIhuLIn4WknBjcuK9gFtKJPpTTp0ZhJmJkIJ/QS3+j/+hX/gTty6ctoGNK0HLhzOuZdzOX7MqNKO824tLa+srq0XNoqbW9s7u6XyXlNFiSTQIBGLZNvHChgV0NBUM2jHEjD3GbT84e3Ebz2BVDQSj3oUg8dxKGhACdZGeghOZa9UcarOFPYicTNSQRnqvbJ13O1HJOEgNGFYqY7rxNpLsdSUMBgXu4mCGJMhDqFjqMAclJdOfx3bR0bp20EkzQhtT9W/FynmSo24bzY51gM1703Efz2fzyXr4NpLqYgTDYLMgoOE2TqyJ0XYfSqBaDYyBBNJze82GWCJiTZ15VNZGJmFQT7gV6Ykb4BIONXAx6Zad77IRdI8q7qX1Yv780rtJiu5gA7QITpBLrpCNXSH6qiBCArRM3pBr9ab9WF9Wl+z1SUru9lHOVjfP1/CsQc=</latexit>

f � r

‣ rational case: can lead to spurious poles inside     (e.g. Froissart doublets)
<latexit sha1_base64="j/G/nm7ZzknevqCftDHLoD/7bV0=">AAACPnicbVDLSgMxFM34rPXV6tJNsIiuyoz4WknRjcsW7APaoWTS2zY0yQxJRihDv8Ct/o+/4Q+4E7cuTdsBndYDFw7n3Mu5nCDiTBvXfXdWVtfWNzZzW/ntnd29/ULxoKHDWFGo05CHqhUQDZxJqBtmOLQiBUQEHJrB6H7qN59AaRbKRzOOwBdkIFmfUWKsVLvrFkpu2Z0BLxMvJSWUototOqedXkhjAdJQTrRue25k/IQowyiHSb4Ta4gIHZEBtC2VRID2k9mnE3xilR7uh8qONHim/r1IiNB6LAK7KYgZ6kVvKv7rBWIh2fRv/ITJKDYg6Ty4H3NsQjytAfeYAmr42BJCFbO/YzokilBjy8qm8kFoF4bZgF+Z0awBMhbMgJjYar3FIpdJ47zsXZUvaxelym1acg4doWN0hjx0jSroAVVRHVEE6Bm9oFfnzflwPp2v+eqKk94cogyc7x+rJ7Aw</latexit>

B
➡ larger nb. of points helps:                                points distributed following zeros of 

<latexit sha1_base64="61MK/uNRCK5F9Dl5Eoonc9yrMxA=">AAACSHicbVDJSgNBFOyJW4xbokcvg0FUhDAjbhcl4MWTRDALJCH0dF6SJr0M3T1CGPIZXvV//AP/wpt4s5MM6CQWPCiq3qMeFYSMauN5H05maXlldS27ntvY3NreyRd2a1pGikCVSCZVI8AaGBVQNdQwaIQKMA8Y1IPh3cSvP4PSVIonMwqhzXFf0B4l2Fip+dBRN753zE/FSSdf9EreFO4i8RNSRAkqnYJz1OpKEnEQhjCsddP3QtOOsTKUMBjnWpGGEJMh7kPTUoE56HY8/XnsHlql6/aksiOMO1X/XsSYaz3igd3k2Az0vDcR//UCPpdsetftmIowMiDILLgXMddId1KI26UKiGEjSzBR1P7ukgFWmBhbWzqV9aVdGKQDfmVK0gaIiFMDfGyr9eeLXCS1s5J/Wbp4PC+Wb5OSs2gfHaBj5KMrVEb3qIKqiCCJXtArenPenU/ny/merWac5GYPpZDJ/ABoY7Jn</latexit>

Nr = 10(m+ n)
<latexit sha1_base64="foJZnNDCKjG/Gzne7yG/yDcoCD8=">AAACQHicbVDLSsNAFJ34rPXV6tJNsIhuLIn4WknBjcuK9gFtKJPpTTp0ZhJmJkIJ/QS3+j/+hX/gTty6ctoGNK0HLhzOuZdzOX7MqNKO824tLa+srq0XNoqbW9s7u6XyXlNFiSTQIBGLZNvHChgV0NBUM2jHEjD3GbT84e3Ebz2BVDQSj3oUg8dxKGhACdZGeghOZa9UcarOFPYicTNSQRnqvbJ13O1HJOEgNGFYqY7rxNpLsdSUMBgXu4mCGJMhDqFjqMAclJdOfx3bR0bp20EkzQhtT9W/FynmSo24bzY51gM1703Efz2fzyXr4NpLqYgTDYLMgoOE2TqyJ0XYfSqBaDYyBBNJze82GWCJiTZ15VNZGJmFQT7gV6Ykb4BIONXAx6Zad77IRdI8q7qX1Yv780rtJiu5gA7QITpBLrpCNXSH6qiBCArRM3pBr9ab9WF9Wl+z1SUru9lHOVjfP1/CsQc=</latexit>

f � r

Heuristic: sweep through          binade (128 different values)
<latexit sha1_base64="dOAk4OTpAlnAUB7rh+K4PHOAuho=">AAACQnicbVDLSsNAFJ3UV62vVpdugkVUkJIUXyspuHFZwbSFNpTJ9KYdOjMJMxOhlH6DW/0ff8JfcCduXThtA5rWAxcO59zLuZwgZlRpx3m3ciura+sb+c3C1vbO7l6xtN9QUSIJeCRikWwFWAGjAjxNNYNWLAHzgEEzGN5N/eYTSEUj8ahHMfgc9wUNKcHaSF7bPa+edYtlp+LMYC8TNyVllKLeLVknnV5EEg5CE4aVartOrP0xlpoSBpNCJ1EQYzLEfWgbKjAH5Y9n307sY6P07DCSZoS2Z+rfizHmSo14YDY51gO16E3Ff72ALyTr8MYfUxEnGgSZB4cJs3VkT6uwe1QC0WxkCCaSmt9tMsASE20Ky6ayfmQWBtmAX5mSrAEi4VQDn5hq3cUil0mjWnGvKpcPF+XabVpyHh2iI3SKXHSNauge1ZGHCKLoGb2gV+vN+rA+ra/5as5Kbw5QBtb3D8W8sSk=</latexit>

[1, 2)



A Motivating Example: 
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<latexit sha1_base64="Ii83tnPZvfU4Ft957bed/The9Nw=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1AyVBvBakSiyMRaIPqY0qx3Vaq44d2U5FFXVm4VdYGECIlS9g429w2gxQOJJ9j865V/Y9fsSo0o7zZeUWFpeWV/KrhbX1jc0te3unoUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPr1O/OSJSUcHv9DgiXoj6nAYUI22krr3fGSFJIkWZ4KX7MryCpcDUI2mu8nFKu3bRqThTwL/EzUgRZKh17c9OT+A4JFxjhpRqu06kvQRJTTEjk0InViRCeIj6pG0oRyFRXjJdZQIPjdKDgZDmcA2n6s+JBIVKjUPfdIZID9S8l4r/ee1YB5deQnkUa8Lx7KEgZlALmOYCe1QSrNnYEIQlNX+FeIAkwtqkVzAhuPMr/yWNk4p7Xjm7PS1Wq1kcebAHDkAJuOACVMENqIE6wOABPIEX8Go9Ws/Wm/U+a81Z2cwu+AXr4xtsL5go</latexit>

"(x) = (f(x)� r(x))/f(x)
‣ CORE-MATH [1] implementation of float 

<latexit sha1_base64="dPUNCqFRohgwzF+xR7TrwnV6o+c=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEnons8mQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk04w2WyES3QzRcCsUbJEjydqo5xqHkrXB0N/NbT1wbkahHGqc8iHGgRCQYkpVaXdSMUPXKFa/qzeGuEj8nFchR75W/uv2EZTFXxCQa0/G9lIIJahJM8mmpmxmeIhvhgHcsVRhzE0zm507dM6v03SjRthS5c/X3xARjY8ZxaDtjpKFZ9mbif14no+g2mAiVZsQVWyyKMulS4s5+d/tCc0ZybAkyLeytLhuiRkY2oZINwV9+eZU0L6r+dfXq4bJSq+VxFOEETuEcfLiBGtxDHRrAYATP8ApvTuq8OO/Ox6K14OQzx/AHzucPY9uPnQ==</latexit>

arctan

<latexit sha1_base64="3eEQShe0fk0eU8jHz6JWn/leb9s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoUEpS1LoRim5cVrAPSEKZTCft0MkkzEykJfQX3Pgrblwo4tadO//GaZuFth4YOPece7lzjx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/F6NY+KFqM9pQDFSWuqapaA0OoVX0EUCK8R1UYYjl3J4rUXHqliWZVdrZdvrmsVZpQGXiZ2RIsjQ6Jpfbi/CSUi4wgxJ6dhWrLwUCUUxI5OCm0gSIzxEfeJoylFIpJfOLprAE630YBAJ/biCM/X3RIpCKcehrztDpAZy0ZuK/3lOooJLL6U8ThTheL4oSBhUEZzGA3tUEKzYWBOEBdV/hXiABMJKh1jQIdiLJy+TVrViX1TO786K9XoWRx4cgWNQAjaogTq4BQ3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4Ae8OZAA==</latexit>

f(x) = arctan(x), x 2 B = [0.000127, 1]
<latexit sha1_base64="GAdUAF2lWKoM8PxNXyOwhMGegQ0="></latexit>

r(x) :=

P7
i=1 pi�i(x)P7
i=1 qi i(x)

=

P7
i=1 pix

2i�1

P7
i=1 qix

2i�2

‣ use our new minimax command to solve
<latexit sha1_base64="7NPV9oIsoNYCDNeV+lYUzMJGGoU=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiG5dV7APSECbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtG1/W6WV1bX1jfJmZWt7Z7da29vvqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTcY3+R+95FKxWLxoCcJ9SI8FCxkBGsj+bVqy+9HWI+CILufuteeX6vbDXsGtEycgtShQMuvffUHMUkjKjThWCnXsRPtZVhqRjidVvqpogkmYzykrqECR1R52Sz4FB0bZYDCWJonNJqpvzcyHCk1iQIzmYdUi14u/ue5qQ6vvIyJJNVUkPmhMOVIxyhvAQ2YpETziSGYSGayIjLCEhNtuqqYEpzFLy+TzmnDuWic353Vm82ijjIcwhGcgAOX0IRbaEEbCKTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4tjkwY=</latexit>

PR[B]

What happens if we round coeffs. to double prec. ?

‣ use our new fpminimax command to address
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]

[1] The CORE-MATH Project, A. Sibidanov and P. Zimmermann and S. Glondu, ARITH-29, 2022.

<latexit sha1_base64="DwIDaKHX7oWjA5FgcKUdeFksWko=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx48RjBTQLJEnonk2TI7Owy0yuEJeAvePGgiFe/x5t/4+Rx0MSChqKqm+6uKJXCkOd9Oyura+sbm4Wt4vbO7t5+6eCwbpJMMx6wRCa6GaHhUigekCDJm6nmGEeSN6Lh7cRvPHJtRKIeaJTyMMa+Ej3BkKzUaKNmhKpTKnsVbwp3mfhzUoY5ap3SV7ubsCzmiphEY1q+l1KYoybBJB8X25nhKbIh9nnLUoUxN2E+PXfsnlql6/YSbUuRO1V/T+QYGzOKI9sZIw3MojcR//NaGfVuwlyoNCOu2GxRL5MuJe7kd7crNGckR5Yg08Le6rIBamRkEyraEPzFl5dJ/bziX1Uu7y/K1eBpFkcBjuEEzsCHa6jCHdQgAAZDeIZXeHNS58V5dz5mrSvOPMIj+APn8weQLJAy</latexit>

arctan
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<latexit sha1_base64="e9f3+CvaiufYw5hrpYvX3+D+RHc="></latexit>

k"k1,B ⇡ 2�57.26

<latexit sha1_base64="kW6uqQ73Z3CMS07GdVuOKpw+RGo="></latexit>

k"k1,B ⇡ 2�54.54

<latexit sha1_base64="2/a+A8+0txxWV2752LDwsUZHQG8="></latexit>

k"k1,B ⇡ 2�57.09

Goal:           with double prec. coefficients
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]
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<latexit sha1_base64="Ii83tnPZvfU4Ft957bed/The9Nw=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1AyVBvBakSiyMRaIPqY0qx3Vaq44d2U5FFXVm4VdYGECIlS9g429w2gxQOJJ9j865V/Y9fsSo0o7zZeUWFpeWV/KrhbX1jc0te3unoUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPr1O/OSJSUcHv9DgiXoj6nAYUI22krr3fGSFJIkWZ4KX7MryCpcDUI2mu8nFKu3bRqThTwL/EzUgRZKh17c9OT+A4JFxjhpRqu06kvQRJTTEjk0InViRCeIj6pG0oRyFRXjJdZQIPjdKDgZDmcA2n6s+JBIVKjUPfdIZID9S8l4r/ee1YB5deQnkUa8Lx7KEgZlALmOYCe1QSrNnYEIQlNX+FeIAkwtqkVzAhuPMr/yWNk4p7Xjm7PS1Wq1kcebAHDkAJuOACVMENqIE6wOABPIEX8Go9Ws/Wm/U+a81Z2cwu+AXr4xtsL5go</latexit>

"(x) = (f(x)� r(x))/f(x)
‣ CORE-MATH [1] implementation of float 

<latexit sha1_base64="dPUNCqFRohgwzF+xR7TrwnV6o+c=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEnons8mQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk04w2WyES3QzRcCsUbJEjydqo5xqHkrXB0N/NbT1wbkahHGqc8iHGgRCQYkpVaXdSMUPXKFa/qzeGuEj8nFchR75W/uv2EZTFXxCQa0/G9lIIJahJM8mmpmxmeIhvhgHcsVRhzE0zm507dM6v03SjRthS5c/X3xARjY8ZxaDtjpKFZ9mbif14no+g2mAiVZsQVWyyKMulS4s5+d/tCc0ZybAkyLeytLhuiRkY2oZINwV9+eZU0L6r+dfXq4bJSq+VxFOEETuEcfLiBGtxDHRrAYATP8ApvTuq8OO/Ox6K14OQzx/AHzucPY9uPnQ==</latexit>

arctan

<latexit sha1_base64="3eEQShe0fk0eU8jHz6JWn/leb9s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoUEpS1LoRim5cVrAPSEKZTCft0MkkzEykJfQX3Pgrblwo4tadO//GaZuFth4YOPece7lzjx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/F6NY+KFqM9pQDFSWuqapaA0OoVX0EUCK8R1UYYjl3J4rUXHqliWZVdrZdvrmsVZpQGXiZ2RIsjQ6Jpfbi/CSUi4wgxJ6dhWrLwUCUUxI5OCm0gSIzxEfeJoylFIpJfOLprAE630YBAJ/biCM/X3RIpCKcehrztDpAZy0ZuK/3lOooJLL6U8ThTheL4oSBhUEZzGA3tUEKzYWBOEBdV/hXiABMJKh1jQIdiLJy+TVrViX1TO786K9XoWRx4cgWNQAjaogTq4BQ3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4Ae8OZAA==</latexit>

f(x) = arctan(x), x 2 B = [0.000127, 1]
<latexit sha1_base64="GAdUAF2lWKoM8PxNXyOwhMGegQ0="></latexit>

r(x) :=

P7
i=1 pi�i(x)P7
i=1 qi i(x)

=

P7
i=1 pix

2i�1

P7
i=1 qix

2i�2

‣ use our new minimax command to solve
<latexit sha1_base64="7NPV9oIsoNYCDNeV+lYUzMJGGoU=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiG5dV7APSECbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtG1/W6WV1bX1jfJmZWt7Z7da29vvqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTcY3+R+95FKxWLxoCcJ9SI8FCxkBGsj+bVqy+9HWI+CILufuteeX6vbDXsGtEycgtShQMuvffUHMUkjKjThWCnXsRPtZVhqRjidVvqpogkmYzykrqECR1R52Sz4FB0bZYDCWJonNJqpvzcyHCk1iQIzmYdUi14u/ue5qQ6vvIyJJNVUkPmhMOVIxyhvAQ2YpETziSGYSGayIjLCEhNtuqqYEpzFLy+TzmnDuWic353Vm82ijjIcwhGcgAOX0IRbaEEbCKTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4tjkwY=</latexit>

PR[B]

What happens if we round coeffs. to double prec. ?

‣ use our new fpminimax command to address
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]

Problem:

[1] The CORE-MATH Project, A. Sibidanov and P. Zimmermann and S. Glondu, ARITH-29, 2022.

<latexit sha1_base64="DwIDaKHX7oWjA5FgcKUdeFksWko=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx48RjBTQLJEnonk2TI7Owy0yuEJeAvePGgiFe/x5t/4+Rx0MSChqKqm+6uKJXCkOd9Oyura+sbm4Wt4vbO7t5+6eCwbpJMMx6wRCa6GaHhUigekCDJm6nmGEeSN6Lh7cRvPHJtRKIeaJTyMMa+Ej3BkKzUaKNmhKpTKnsVbwp3mfhzUoY5ap3SV7ubsCzmiphEY1q+l1KYoybBJB8X25nhKbIh9nnLUoUxN2E+PXfsnlql6/YSbUuRO1V/T+QYGzOKI9sZIw3MojcR//NaGfVuwlyoNCOu2GxRL5MuJe7kd7crNGckR5Yg08Le6rIBamRkEyraEPzFl5dJ/bziX1Uu7y/K1eBpFkcBjuEEzsCHa6jCHdQgAAZDeIZXeHNS58V5dz5mrSvOPMIj+APn8weQLJAy</latexit>

arctan
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‣ correct rounding not ensured with round to nearest and 
<latexit sha1_base64="qT8IYrkLp1PzdT/8o8dFMHh1j0o=">AAACV3icbVBdSwJBFJ3dysy+tF6CXpYk6iXZDbNeAqGXHgvSAhWZHa86ODO7zNwNZbFf02v9H39NjSaU2oGBwzn3cu6cMBbcoO9PHHdtfSOzmd3Kbe/s7u3nCwd1EyWaQY1FItIvITUguIIachTwEmugMhTwHA7upv7zK2jDI/WEoxhakvYU73JG0Urt/NHwtokwRMTUHwalgHYq5Up8UR6380W/5M/grZJgTopkjod2wTlrdiKWSFDIBDWmEfgxtlKqkTMB41wzMRBTNqA9aFiqqATTSmdfGHunVul43Ujbp9CbqX83UiqNGcnQTkqKfbPsTcV/vVAuJWP3ppVyFScIiv0EdxPhYeRN+/E6XANDMbKEMs3t7R7rU00Z2hYXU0UvsgP9xYBfmbNFA1QiOYKcVhssF7lK6peloFK6eiwXq9V5yVlyTE7IOQnINamSe/JAaoSRN/JOPsinM3G+3Iyb/Rl1nfnOIVmAW/gGQ322Lg==</latexit>

x = 0x1.1ad646p-4

<latexit sha1_base64="e9f3+CvaiufYw5hrpYvX3+D+RHc="></latexit>

k"k1,B ⇡ 2�57.26

<latexit sha1_base64="kW6uqQ73Z3CMS07GdVuOKpw+RGo="></latexit>

k"k1,B ⇡ 2�54.54

<latexit sha1_base64="2/a+A8+0txxWV2752LDwsUZHQG8="></latexit>

k"k1,B ⇡ 2�57.09

Goal:           with double prec. coefficients
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]



<latexit sha1_base64="m291+R7s7hAHkiEiLu5OPiF3vmQ="></latexit>

k"k1,B ⇡ 2�57.10

A Motivating Example: 
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<latexit sha1_base64="Ii83tnPZvfU4Ft957bed/The9Nw=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCG1AyVBvBakSiyMRaIPqY0qx3Vaq44d2U5FFXVm4VdYGECIlS9g429w2gxQOJJ9j865V/Y9fsSo0o7zZeUWFpeWV/KrhbX1jc0te3unoUQsMaljwYRs+UgRRjmpa6oZaUWSoNBnpOkPr1O/OSJSUcHv9DgiXoj6nAYUI22krr3fGSFJIkWZ4KX7MryCpcDUI2mu8nFKu3bRqThTwL/EzUgRZKh17c9OT+A4JFxjhpRqu06kvQRJTTEjk0InViRCeIj6pG0oRyFRXjJdZQIPjdKDgZDmcA2n6s+JBIVKjUPfdIZID9S8l4r/ee1YB5deQnkUa8Lx7KEgZlALmOYCe1QSrNnYEIQlNX+FeIAkwtqkVzAhuPMr/yWNk4p7Xjm7PS1Wq1kcebAHDkAJuOACVMENqIE6wOABPIEX8Go9Ws/Wm/U+a81Z2cwu+AXr4xtsL5go</latexit>

"(x) = (f(x)� r(x))/f(x)
‣ CORE-MATH [1] implementation of float 

<latexit sha1_base64="dPUNCqFRohgwzF+xR7TrwnV6o+c=">AAAB7nicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PAi8cI5gHJEnons8mQ2dllplcIIR/hxYMiXv0eb/6Nk2QPmljQUFR1090VplIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJsk04w2WyES3QzRcCsUbJEjydqo5xqHkrXB0N/NbT1wbkahHGqc8iHGgRCQYkpVaXdSMUPXKFa/qzeGuEj8nFchR75W/uv2EZTFXxCQa0/G9lIIJahJM8mmpmxmeIhvhgHcsVRhzE0zm507dM6v03SjRthS5c/X3xARjY8ZxaDtjpKFZ9mbif14no+g2mAiVZsQVWyyKMulS4s5+d/tCc0ZybAkyLeytLhuiRkY2oZINwV9+eZU0L6r+dfXq4bJSq+VxFOEETuEcfLiBGtxDHRrAYATP8ApvTuq8OO/Ox6K14OQzx/AHzucPY9uPnQ==</latexit>

arctan

<latexit sha1_base64="3eEQShe0fk0eU8jHz6JWn/leb9s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoUEpS1LoRim5cVrAPSEKZTCft0MkkzEykJfQX3Pgrblwo4tadO//GaZuFth4YOPece7lzjx8zKpVlfRu5ldW19Y38ZmFre2d3z9w/aMkoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH95M/fYDEZJG/F6NY+KFqM9pQDFSWuqapaA0OoVX0EUCK8R1UYYjl3J4rUXHqliWZVdrZdvrmsVZpQGXiZ2RIsjQ6Jpfbi/CSUi4wgxJ6dhWrLwUCUUxI5OCm0gSIzxEfeJoylFIpJfOLprAE630YBAJ/biCM/X3RIpCKcehrztDpAZy0ZuK/3lOooJLL6U8ThTheL4oSBhUEZzGA3tUEKzYWBOEBdV/hXiABMJKh1jQIdiLJy+TVrViX1TO786K9XoWRx4cgWNQAjaogTq4BQ3QBBg8gmfwCt6MJ+PFeDc+5q05I5s5BH9gfP4Ae8OZAA==</latexit>

f(x) = arctan(x), x 2 B = [0.000127, 1]
<latexit sha1_base64="GAdUAF2lWKoM8PxNXyOwhMGegQ0="></latexit>

r(x) :=

P7
i=1 pi�i(x)P7
i=1 qi i(x)

=

P7
i=1 pix

2i�1

P7
i=1 qix

2i�2

‣ use our new minimax command to solve
<latexit sha1_base64="7NPV9oIsoNYCDNeV+lYUzMJGGoU=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiG5dV7APSECbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOkHCmtG1/W6WV1bX1jfJmZWt7Z7da29vvqDiVhLZJzGPZC7CinAna1kxz2kskxVHAaTcY3+R+95FKxWLxoCcJ9SI8FCxkBGsj+bVqy+9HWI+CILufuteeX6vbDXsGtEycgtShQMuvffUHMUkjKjThWCnXsRPtZVhqRjidVvqpogkmYzykrqECR1R52Sz4FB0bZYDCWJonNJqpvzcyHCk1iQIzmYdUi14u/ue5qQ6vvIyJJNVUkPmhMOVIxyhvAQ2YpETziSGYSGayIjLCEhNtuqqYEpzFLy+TzmnDuWic353Vm82ijjIcwhGcgAOX0IRbaEEbCKTwDK/wZj1ZL9a79TEfLVnFzgH8gfX5A4tjkwY=</latexit>

PR[B]

What happens if we round coeffs. to double prec. ?

‣ use our new fpminimax command to address
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]

Problem:

[1] The CORE-MATH Project, A. Sibidanov and P. Zimmermann and S. Glondu, ARITH-29, 2022.

<latexit sha1_base64="DwIDaKHX7oWjA5FgcKUdeFksWko=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYhA8hV3xdQx48RjBTQLJEnonk2TI7Owy0yuEJeAvePGgiFe/x5t/4+Rx0MSChqKqm+6uKJXCkOd9Oyura+sbm4Wt4vbO7t5+6eCwbpJMMx6wRCa6GaHhUigekCDJm6nmGEeSN6Lh7cRvPHJtRKIeaJTyMMa+Ej3BkKzUaKNmhKpTKnsVbwp3mfhzUoY5ap3SV7ubsCzmiphEY1q+l1KYoybBJB8X25nhKbIh9nnLUoUxN2E+PXfsnlql6/YSbUuRO1V/T+QYGzOKI9sZIw3MojcR//NaGfVuwlyoNCOu2GxRL5MuJe7kd7crNGckR5Yg08Le6rIBamRkEyraEPzFl5dJ/bziX1Uu7y/K1eBpFkcBjuEEzsCHa6jCHdQgAAZDeIZXeHNS58V5dz5mrSvOPMIj+APn8weQLJAy</latexit>

arctan

8

‣ correct rounding not ensured with round to nearest and 
<latexit sha1_base64="qT8IYrkLp1PzdT/8o8dFMHh1j0o=">AAACV3icbVBdSwJBFJ3dysy+tF6CXpYk6iXZDbNeAqGXHgvSAhWZHa86ODO7zNwNZbFf02v9H39NjSaU2oGBwzn3cu6cMBbcoO9PHHdtfSOzmd3Kbe/s7u3nCwd1EyWaQY1FItIvITUguIIachTwEmugMhTwHA7upv7zK2jDI/WEoxhakvYU73JG0Urt/NHwtokwRMTUHwalgHYq5Up8UR6380W/5M/grZJgTopkjod2wTlrdiKWSFDIBDWmEfgxtlKqkTMB41wzMRBTNqA9aFiqqATTSmdfGHunVul43Ujbp9CbqX83UiqNGcnQTkqKfbPsTcV/vVAuJWP3ppVyFScIiv0EdxPhYeRN+/E6XANDMbKEMs3t7R7rU00Z2hYXU0UvsgP9xYBfmbNFA1QiOYKcVhssF7lK6peloFK6eiwXq9V5yVlyTE7IOQnINamSe/JAaoSRN/JOPsinM3G+3Iyb/Rl1nfnOIVmAW/gGQ322Lg==</latexit>

x = 0x1.1ad646p-4

Solution: normalization search resolves issue, resulting in 

<latexit sha1_base64="e9f3+CvaiufYw5hrpYvX3+D+RHc="></latexit>

k"k1,B ⇡ 2�57.26

<latexit sha1_base64="kW6uqQ73Z3CMS07GdVuOKpw+RGo="></latexit>

k"k1,B ⇡ 2�54.54

<latexit sha1_base64="2/a+A8+0txxWV2752LDwsUZHQG8="></latexit>

k"k1,B ⇡ 2�57.09

Goal:           with double prec. coefficients
<latexit sha1_base64="2L151CbW6xJS38rfaC4rUig38W0=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyURX8uiIC4r2AekIUymk3boZBJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cIOFMadv+tkorq2vrG+XNytb2zm61trffUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wvsn97iOVisXiQU8S6kV4KFjICNZG8mvVlt+PsB4FQXY7da89v1a3G/YMaJk4BalDgZZf++oPYpJGVGjCsVKuYyfay7DUjHA6rfRTRRNMxnhIXUMFjqjyslnwKTo2ygCFsTRPaDRTf29kOFJqEgVmMg+pFr1c/M9zUx1eeRkTSaqpIPNDYcqRjlHeAhowSYnmE0MwkcxkRWSEJSbadFUxJTiLX14mndOGc9E4vz+rN5tFHWU4hCM4AQcuoQl30II2EEjhGV7hzXqyXqx362M+WrKKnQP4A+vzB3kDkvo=</latexit>

PF[B]
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‣ the Langevin function:
<latexit sha1_base64="UQgQ1hpXPOGMDo2/E2S4D7l1S9E="></latexit>

y = L(x) = coth(x)� 1/x

‣ use cases:
➡ polymer science 
➡ magnetism 
➡ biomechanics
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<latexit sha1_base64="NrN8YtMfAwajftlCjX3q/UZTJ0U=">AAACUnicbVLLSgMxFM3UV61VW7t0M1jEurDMiK9lQRcuXFSwD2jHkklv29AkMyQZsQzzLW71f9z4K65MH6DTeiFwOOdezuEQP2RUacf5sjJr6xubW9nt3E5+d2+/UDxoqiCSBBokYIFs+1gBowIammoG7VAC5j6Dlj++neqtF5CKBuJJT0LwOB4KOqAEa0P1CqUux3pEMIsfkuf4zE0qr6e9QtmpOrOxV4G7AGW0mHqvaJ10+wGJOAhNGFaq4zqh9mIsNSUMklw3UhBiMsZD6BgoMAflxbP0iX1smL49CKR5Qtsz9u9FjLlSE+6bzWlWtaxNyX81ny8568GNF1MRRhoEmRsPImbrwJ5WY/epBKLZxABMJDXZbTLCEhNtCky7smFgFkZpg1+akrQAIuJUA09Mte5ykaugeV51r6qXjxfl2t2i5Cw6REeoglx0jWroHtVRAxE0QW/oHX1Yn9Z3xvyS+WrGWtyUUGoy+R85YrTT</latexit>

L�1(x)Challenge:        has no closed form representation
<latexit sha1_base64="/j9ArdlAejTim1mxSAn0g89cOtc=">AAACT3icbVBLS8NAGNzUV1tfqR69BIvoxZKIr2PRiwcPFewDbCyb7Zd26e4m7G4KJfSfeNX/49Ff4k3c1IC29YOFYWaWGSaIGVXadT+swsrq2vpGsVTe3Nre2bUrey0VJZJAk0Qskp0AK2BUQFNTzaATS8A8YNAORreZ3h6DVDQSj3oSg8/xQNCQEqwN1bPtLsd6SDBL76fP6ak37dlVt+bOzlkGXg6qKL9Gr2Idd/sRSTgITRhW6slzY+2nWGpKGEzL3URBjMkID+DJQIE5KD+dVZ86R4bpO2EkzRPambF/f6SYKzXhgXFmRdWilpH/agFfSNbhtZ9SEScaBPkJDhPm6MjJdnH6VALRbGIAJpKa7g4ZYomJNuvNp7JBZAzD+YBfmpJ5AUTCqQaeTestDrkMWmc177J28XBerd/kIxfRATpEJ8hDV6iO7lADNRFBY/SCXtGb9W59Wl+F3FqwcrCP5q5Q+gZjn7Tp</latexit>

L�1

‣ many low accuracy approximations (2-4 digits)
‣ need for more accuracy [1] (e.g. 12-13 digits)

[1] Effect of the inverse Langevin approximation on the solution of the Fokker-Planck equation of non-linear dilute polymer, A. Ammar, Journal of Non-Newtonian Fluid Mechanics, Vol. 231, pp. 153–163, 2016. 
[2] On the complex singularities of the inverse Langevin function, S.R. Rickaby and N.H. Scott, IMA Journal of Numerical Analysis, Vol. 83, No. 6, pp. 1092–1116, 2018.
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‣ the Langevin function:
<latexit sha1_base64="UQgQ1hpXPOGMDo2/E2S4D7l1S9E="></latexit>

y = L(x) = coth(x)� 1/x

‣ use cases:
➡ polymer science 
➡ magnetism 
➡ biomechanics
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<latexit sha1_base64="NrN8YtMfAwajftlCjX3q/UZTJ0U=">AAACUnicbVLLSgMxFM3UV61VW7t0M1jEurDMiK9lQRcuXFSwD2jHkklv29AkMyQZsQzzLW71f9z4K65MH6DTeiFwOOdezuEQP2RUacf5sjJr6xubW9nt3E5+d2+/UDxoqiCSBBokYIFs+1gBowIammoG7VAC5j6Dlj++neqtF5CKBuJJT0LwOB4KOqAEa0P1CqUux3pEMIsfkuf4zE0qr6e9QtmpOrOxV4G7AGW0mHqvaJ10+wGJOAhNGFaq4zqh9mIsNSUMklw3UhBiMsZD6BgoMAflxbP0iX1smL49CKR5Qtsz9u9FjLlSE+6bzWlWtaxNyX81ny8568GNF1MRRhoEmRsPImbrwJ5WY/epBKLZxABMJDXZbTLCEhNtCky7smFgFkZpg1+akrQAIuJUA09Mte5ykaugeV51r6qXjxfl2t2i5Cw6REeoglx0jWroHtVRAxE0QW/oHX1Yn9Z3xvyS+WrGWtyUUGoy+R85YrTT</latexit>

L�1(x)Challenge:        has no closed form representation
<latexit sha1_base64="/j9ArdlAejTim1mxSAn0g89cOtc=">AAACT3icbVBLS8NAGNzUV1tfqR69BIvoxZKIr2PRiwcPFewDbCyb7Zd26e4m7G4KJfSfeNX/49Ff4k3c1IC29YOFYWaWGSaIGVXadT+swsrq2vpGsVTe3Nre2bUrey0VJZJAk0Qskp0AK2BUQFNTzaATS8A8YNAORreZ3h6DVDQSj3oSg8/xQNCQEqwN1bPtLsd6SDBL76fP6ak37dlVt+bOzlkGXg6qKL9Gr2Idd/sRSTgITRhW6slzY+2nWGpKGEzL3URBjMkID+DJQIE5KD+dVZ86R4bpO2EkzRPambF/f6SYKzXhgXFmRdWilpH/agFfSNbhtZ9SEScaBPkJDhPm6MjJdnH6VALRbGIAJpKa7g4ZYomJNuvNp7JBZAzD+YBfmpJ5AUTCqQaeTestDrkMWmc177J28XBerd/kIxfRATpEJ8hDV6iO7lADNRFBY/SCXtGb9W59Wl+F3FqwcrCP5q5Q+gZjn7Tp</latexit>

L�1

Properties of        :
<latexit sha1_base64="/j9ArdlAejTim1mxSAn0g89cOtc=">AAACT3icbVBLS8NAGNzUV1tfqR69BIvoxZKIr2PRiwcPFewDbCyb7Zd26e4m7G4KJfSfeNX/49Ff4k3c1IC29YOFYWaWGSaIGVXadT+swsrq2vpGsVTe3Nre2bUrey0VJZJAk0Qskp0AK2BUQFNTzaATS8A8YNAORreZ3h6DVDQSj3oSg8/xQNCQEqwN1bPtLsd6SDBL76fP6ak37dlVt+bOzlkGXg6qKL9Gr2Idd/sRSTgITRhW6slzY+2nWGpKGEzL3URBjMkID+DJQIE5KD+dVZ86R4bpO2EkzRPambF/f6SYKzXhgXFmRdWilpH/agFfSNbhtZ9SEScaBPkJDhPm6MjJdnH6VALRbGIAJpKa7g4ZYomJNuvNp7JBZAzD+YBfmpJ5AUTCqQaeTestDrkMWmc177J28XBerd/kIxfRATpEJ8hDV6iO7lADNRFBY/SCXtGb9W59Wl+F3FqwcrCP5q5Q+gZjn7Tp</latexit>

L�1

[1] Effect of the inverse Langevin approximation on the solution of the Fokker-Planck equation of non-linear dilute polymer, A. Ammar, Journal of Non-Newtonian Fluid Mechanics, Vol. 231, pp. 153–163, 2016. 
[2] On the complex singularities of the inverse Langevin function, S.R. Rickaby and N.H. Scott, IMA Journal of Numerical Analysis, Vol. 83, No. 6, pp. 1092–1116, 2018.

‣ simple pole at          
<latexit sha1_base64="N/UTnHnoaXhlfMj08ffWHAd8dDk=">AAACQHicbVDLSsNAFJ3UV62vVpdugkV0VRLxtVEKblxWtA9oQ5lMb9qhM5MwMxFL6Ce41f/xL/wDd+LWldM2oGk9cOFwzr2cy/EjRpV2nHcrt7S8srqWXy9sbG5t7xRLuw0VxpJAnYQslC0fK2BUQF1TzaAVScDcZ9D0hzcTv/kIUtFQPOhRBB7HfUEDSrA20v3Tldstlp2KM4W9SNyUlFGKWrdkHXV6IYk5CE0YVqrtOpH2Eiw1JQzGhU6sIMJkiPvQNlRgDspLpr+O7UOj9OwglGaEtqfq34sEc6VG3DebHOuBmvcm4r+ez+eSdXDpJVREsQZBZsFBzGwd2pMi7B6VQDQbGYKJpOZ3mwywxESburKprB+ahUE24FemJGuAiDnVwMemWne+yEXSOKm455Wzu9Ny9TotOY/20QE6Ri66QFV0i2qojgjqo2f0gl6tN+vD+rS+Zqs5K73ZQxlY3z8mkLDo</latexit>

x = 1

‣  
<latexit sha1_base64="jJXtWyipN5oQ02zIzxUfNOrwTAQ="></latexit>

Res(L�1, 1) = lim
x!1

(1� x)L�1(x) = 1

‣ Taylor expansion around            with radius                               [2]
<latexit sha1_base64="O6ahU3GuinLibEIG2syd+RkT/34=">AAACQHicbVDLSsNAFJ3UV62vVpdugkV0VRLxtVEKblxWtA9oQ5lMb9qhM5MwMxFL6Ce41f/xL/wDd+LWldM2oGk9cOFwzr2cy/EjRpV2nHcrt7S8srqWXy9sbG5t7xRLuw0VxpJAnYQslC0fK2BUQF1TzaAVScDcZ9D0hzcTv/kIUtFQPOhRBB7HfUEDSrA20v3TldMtlp2KM4W9SNyUlFGKWrdkHXV6IYk5CE0YVqrtOpH2Eiw1JQzGhU6sIMJkiPvQNlRgDspLpr+O7UOj9OwglGaEtqfq34sEc6VG3DebHOuBmvcm4r+ez+eSdXDpJVREsQZBZsFBzGwd2pMi7B6VQDQbGYKJpOZ3mwywxESburKprB+ahUE24FemJGuAiDnVwMemWne+yEXSOKm455Wzu9Ny9TotOY/20QE6Ri66QFV0i2qojgjqo2f0gl6tN+vD+rS+Zqs5K73ZQxlY3z8ktrDn</latexit>

x = 0
<latexit sha1_base64="thYO5OMRJiuGBLmfo8M2Nritx/E=">AAACT3icbVBLS0JBGJ1rT3tqLdtckqiV3FtmtSiCNi0tsgQVmTt+6uA8LjPfFUT8J23r/7Tsl7SLRrtQWgcGDuec4XycKBbcYhC8e5mFxaXlldXs2vrG5tZ2Lr/zaHViGFSZFtrUImpBcAVV5CigFhugMhLwFPVvJv7TAIzlWj3gMIampF3FO5xRdFIrl7u/DIoXQalcOmmItkbbyhWCYjCF/5eEKSmQFJVW3jtstDVLJChkglpbD4MYmyNqkDMB47VGYiGmrE+7UHdUUQm2OZqePvYPnNL2O9q4p9Cfqr9/jKi0digjl5QUe3bem4j/epGca8bOeXPEVZwgKPZd3EmEj9qf7OK3uQGGYugIZYa7233Wo4YydOvNtoqudoHebMGPzNmsASqRHEGO3bTh/JB/yeNxMSwXT+9KheurdORVskf2yREJyRm5JrekQqqEkQF5Ji/k1XvzPrzPTBrNeCnZJTPIZL8Af0ezYA==</latexit>

R = 0.904643 . . .

<latexit sha1_base64="HRbiPjZCce63O3xBO7zI6gD2vTE="></latexit>

L�1(x) = 3x+
9

5
x3 +

297

175
x5 +

1539

875
x7 + · · ·

‣ infinite nb. of complex singularities with modulus 
<latexit sha1_base64="Aad8a/LOghFU+dtfU4kccE4zf+s=">AAACPnicbVDJSgNBFOyJW4xbokcvg0H0FGbE7SQBLx4TMAskQ+jpvEma9DJ09whhyBd41f/xN/wBb+LVo51kQJNY8KCoeo96VBgzqo3nvTu5tfWNza38dmFnd2//oFg6bGqZKAINIplU7RBrYFRAw1DDoB0rwDxk0ApH91O/9QRKUykezTiGgOOBoBEl2Fip7veKZa/izeCuEj8jZZSh1is5Z92+JAkHYQjDWnd8LzZBipWhhMGk0E00xJiM8AA6lgrMQQfp7NOJe2qVvhtJZUcYd6b+vUgx13rMQ7vJsRnqZW8q/uuFfCnZRLdBSkWcGBBkHhwlzDXSndbg9qkCYtjYEkwUtb+7ZIgVJsaWtZjKBtIuDBcDfmVKFg0QCacG+MRW6y8XuUqaFxX/unJVvyxX77KS8+gYnaBz5KMbVEUPqIYaiCBAz+gFvTpvzofz6XzNV3NOdnOEFuB8/wCLrbAf</latexit>

1

‣ many low accuracy approximations (2-4 digits)
‣ need for more accuracy [1] (e.g. 12-13 digits)
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‣we can focus on approximating
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<latexit sha1_base64="NrN8YtMfAwajftlCjX3q/UZTJ0U=">AAACUnicbVLLSgMxFM3UV61VW7t0M1jEurDMiK9lQRcuXFSwD2jHkklv29AkMyQZsQzzLW71f9z4K65MH6DTeiFwOOdezuEQP2RUacf5sjJr6xubW9nt3E5+d2+/UDxoqiCSBBokYIFs+1gBowIammoG7VAC5j6Dlj++neqtF5CKBuJJT0LwOB4KOqAEa0P1CqUux3pEMIsfkuf4zE0qr6e9QtmpOrOxV4G7AGW0mHqvaJ10+wGJOAhNGFaq4zqh9mIsNSUMklw3UhBiMsZD6BgoMAflxbP0iX1smL49CKR5Qtsz9u9FjLlSE+6bzWlWtaxNyX81ny8568GNF1MRRhoEmRsPImbrwJ5WY/epBKLZxABMJDXZbTLCEhNtCky7smFgFkZpg1+akrQAIuJUA09Mte5ykaugeV51r6qXjxfl2t2i5Cw6REeoglx0jWroHtVRAxE0QW/oHX1Yn9Z3xvyS+WrGWtyUUGoy+R85YrTT</latexit>

L�1(x)

[1] Effect of the inverse Langevin approximation on the solution of the Fokker-Planck equation of non-linear dilute polymer, A. Ammar, Journal of Non-Newtonian Fluid Mechanics, Vol. 231, pp. 153–163, 2016. 
[2] On the complex singularities of the inverse Langevin function, S.R. Rickaby and N.H. Scott, IMA Journal of Numerical Analysis, Vol. 83, No. 6, pp. 1092–1116, 2018.

<latexit sha1_base64="MxWokTdf4ObioiumgR3ecoiPVMc="></latexit>

f(x) =

8
>><

>>:

L�1(x)(1� x)

x
, x 2 (0, 1),

3, x = 0,

1, x = 1.

using approximations from the sets
<latexit sha1_base64="WXORD/X7IFznDuAHN1tXJRm70C8="></latexit>

Rm,n =

(
r(x) :=

Pm+1
i=1 pixi�1

Pn+1
i=1 qixi�1

)

and
<latexit sha1_base64="6eJlixdGy/gDECjwrg51aeyhdV0="></latexit>

Jm,n =

(
r(x) :=

Pm+1
i=1 pix2i�2

Pn+1
i=1 qixi�1

)
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<latexit sha1_base64="/iVYz3BqcKyhSRftwuJ2HoGJdyA=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6EU8VbAf0Jaw2b62i7ubsLsRQshv8ar/x4t/xZObtqBpfbAwzLzHDMP6IaNKO86XVdjY3NreKe6W9sr7B4eV6lFXBZEk0CEBC2TfxwoYFdDRVDPohxIw9xn0/Jf7TO+9glQ0EM86DmHE8VTQCSVYG8qr1IYc6xnBLHlMvcRtXrjN1KvUnYYzH3sduEtQR8tpe1XrbDgOSMRBaMKwUgPXCfUowVJTwiAtDSMFISYveAoDAwXmoEbJPH1qnxpmbE8CaZ7Q9pz9e5FgrlTMfbOZZVWrWkb+q/l8xVlPbkcJFWGkQZCF8SRitg7srBp7TCUQzWIDMJHUZLfJDEtMtCkw78qmgVmY5Q1+aUryAoiIUw08q9ZdLXIddC8b7k3j+umq3rpbllxEx+gEnSMXNVELPaA26iCCYvSG3tGH9Wl9F8wvWawWrOVNDeWmUP4B5kC0pQ==</latexit>J17,17
<latexit sha1_base64="fOvJTpb0HWRZs/WCDPYIuagrf4Y=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6MVjFfsBbQmb7Wu7uLsJuxshhPwWr/p/vPhXPLlpC5rWBwvDzHvMMKwfMqq043xZhY3Nre2d4m5pr7x/cFipHnVVEEkCHRKwQPZ9rIBRAR1NNYN+KAFzn0HPf7nP9N4rSEUD8azjEEYcTwWdUIK1obxKbcixnhHMkqfUS9zmhdtMvUrdaTjzsdeBuwR1tJy2V7XOhuOARByEJgwrNXCdUI8SLDUlDNLSMFIQYvKCpzAwUGAOapTM06f2qWHG9iSQ5gltz9m/FwnmSsXcN5tZVrWqZeS/ms9XnPXkdpRQEUYaBFkYTyJm68DOqrHHVALRLDYAE0lNdpvMsMREmwLzrmwamIVZ3uCXpiQvgIg41cCzat3VItdB97Lh3jSuH6/qrbtlyUV0jE7QOXJRE7XQA2qjDiIoRm/oHX1Yn9Z3wfySxWrBWt7UUG4K5R/1WLSt</latexit>R17,17

-1.5e-13

-1e-13

-5e-14

0

5e-14

1e-13

1.5e-13

0 0.25 0.5 0.75 1

minimax

-6e-14

-4e-14

-2e-14

0

2e-14

4e-14

6e-14

0 0.25 0.5 0.75 1

minimax

‣ minimax error           
<latexit sha1_base64="3Es7RaomH/OPdrrDr456468C/mk=">AAACUHicbVDLThtBEOw1gYB5xCZHLqNYEVywdpEJOeRgKReORsKAhI01O27bI+axmukNslb+lFzD/3DLn3ALY2MENmlpNKWqalWr0kxJT3H8NyqtfFhd+7i+Ud7c2t75VKnuXnibO4FtYZV1Vyn3qKTBNklSeJU55DpVeJne/pzql7/QeWnNOY0z7Go+NHIgBadA9SrVRj3uiL4llsQ3xWFyPOlVanE9ng17D5I5qMF8Wr1qtN/pW5FrNCQU9/46iTPqFtyRFAon5U7uMePilg/xOkDDNfpuMbt9wr4Gps8G1oVniM3YtxsF196PdRqcmtPIL2tT8r9aqpeSafC9W0iT5YRGPAcPcsXIsmkxrC8dClLjALhwMtzOxIg7LijUt5iqhjYYRosBr7QUiwKaXEtCPa02WS7yPbg4qiff6sdnjVrzx7zkddiDL3AACZxAE06hBW0QcAe/4Q/cRw/RY/SvFD1bX374DAtTKj8BUsGzwQ==</latexit>

4.0 · 10�15 ‣ minimax error           
<latexit sha1_base64="/yMZ9Sp5VH0GYbmShF40jPsZtpM=">AAACUHicbVDLThtBEOw1SQDngZ0ccxnFQskl1m4CSQ45IOXCESQMSLZjzY577RHzWM30JrJW/pRc4X+45U9yI7PGCNampdGUqqpVrUpzJT3F8d+osfHk6bPNre3m8xcvX+202q9PvS2cwJ6wyrrzlHtU0mCPJCk8zx1ynSo8Sy9+VPrZL3ReWnNCsxyHmk+MzKTgFKhRq/25uz8QY0ssiX+WH5O9+ajVibvxYtg6SJagA8s5GrWj94OxFYVGQ0Jx7/tJnNOw5I6kUDhvDgqPORcXfIL9AA3X6Ifl4vY52w3MmGXWhWeILdiHGyXX3s90Gpya09SvahX5qJbqlWTKvg1LafKC0Ijb4KxQjCyrimFj6VCQmgXAhZPhdiam3HFBob56qprYYJjWA+5pKeoCmkJLQl1Vm6wWuQ5OP3WTL939473OwfdlyVvwFt7BB0jgKxzAIRxBDwT8hj9wCVfRdfQvumlEt9a7H95AbRrN/1iEs8Q=</latexit>

3.5 · 10�14

‣ need degree               polynomial approx. for error 
<latexit sha1_base64="4qMTFLP+ycnPsKNhk2aAj8tZ8Tw=">AAACQXicbVDLSsNAFJ34rPXV6tJNsIiuSiJqXYgU3LisYB/QhjKZ3rRDZyZhZiKU0F9wq//jV/gJ7sStGydtQNN64MLhnHs5l+NHjCrtOO/Wyura+sZmYau4vbO7t18qH7RUGEsCTRKyUHZ8rIBRAU1NNYNOJAFzn0HbH9+lfvsJpKKheNSTCDyOh4IGlGCdSvy25vRLFafqzGAvEzcjFZSh0S9bp71BSGIOQhOGleq6TqS9BEtNCYNpsRcriDAZ4yF0DRWYg/KS2bNT+8QoAzsIpRmh7Zn69yLBXKkJ980mx3qkFr1U/Nfz+UKyDq69hIoo1iDIPDiIma1DO23CHlAJRLOJIZhIan63yQhLTLTpK5/KhqFZGOUDfmVK8gaImFMNfGqqdReLXCat86p7Vb18uKjUb7KSC+gIHaMz5KIaqqN71EBNRNAIPaMX9Gq9WR/Wp/U1X12xsptDlIP1/QOdebEc</latexit>

m > 70
<latexit sha1_base64="+yB+4NWzxclqVdwMtKUJ+rg/mAA=">AAACRnicbVDLTgJBEOzFF+IL9OhlIzF6kewafBw4kHjxiImABpDMDg1MmJndzMyakA1f4VX/x1/wJ7wZrw6PRAEr6aRS1Z3qVBBxpo3nfTipldW19Y30ZmZre2d3L5vbr+kwVhSrNOShegiIRs4kVg0zHB8ihUQEHOvB4Gbs159RaRbKezOMsCVIT7Iuo8RY6bHke0/JmV8ctbN5r+BN4C4Tf0byMEOlnXNOmp2QxgKloZxo3fC9yLQSogyjHEeZZqwxInRAetiwVBKBupVMPh65x1bpuN1Q2ZHGnah/LxIitB6KwG4KYvp60RuL/3qBWEg23etWwmQUG5R0GtyNuWtCd1yH22EKqeFDSwhVzP7u0j5RhBpb2nwq74V2oT8f8CszOm+gjAUzKMbV+otFLpPaecG/LFzcFfPl0qzkNBzCEZyCD1dQhluoQBUoCHiBV3hz3p1P58v5nq6mnNnNAcwhBT8NNbHC</latexit>

< 10�14
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<latexit sha1_base64="/iVYz3BqcKyhSRftwuJ2HoGJdyA=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6EU8VbAf0Jaw2b62i7ubsLsRQshv8ar/x4t/xZObtqBpfbAwzLzHDMP6IaNKO86XVdjY3NreKe6W9sr7B4eV6lFXBZEk0CEBC2TfxwoYFdDRVDPohxIw9xn0/Jf7TO+9glQ0EM86DmHE8VTQCSVYG8qr1IYc6xnBLHlMvcRtXrjN1KvUnYYzH3sduEtQR8tpe1XrbDgOSMRBaMKwUgPXCfUowVJTwiAtDSMFISYveAoDAwXmoEbJPH1qnxpmbE8CaZ7Q9pz9e5FgrlTMfbOZZVWrWkb+q/l8xVlPbkcJFWGkQZCF8SRitg7srBp7TCUQzWIDMJHUZLfJDEtMtCkw78qmgVmY5Q1+aUryAoiIUw08q9ZdLXIddC8b7k3j+umq3rpbllxEx+gEnSMXNVELPaA26iCCYvSG3tGH9Wl9F8wvWawWrOVNDeWmUP4B5kC0pQ==</latexit>J17,17
<latexit sha1_base64="fOvJTpb0HWRZs/WCDPYIuagrf4Y=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6MVjFfsBbQmb7Wu7uLsJuxshhPwWr/p/vPhXPLlpC5rWBwvDzHvMMKwfMqq043xZhY3Nre2d4m5pr7x/cFipHnVVEEkCHRKwQPZ9rIBRAR1NNYN+KAFzn0HPf7nP9N4rSEUD8azjEEYcTwWdUIK1obxKbcixnhHMkqfUS9zmhdtMvUrdaTjzsdeBuwR1tJy2V7XOhuOARByEJgwrNXCdUI8SLDUlDNLSMFIQYvKCpzAwUGAOapTM06f2qWHG9iSQ5gltz9m/FwnmSsXcN5tZVrWqZeS/ms9XnPXkdpRQEUYaBFkYTyJm68DOqrHHVALRLDYAE0lNdpvMsMREmwLzrmwamIVZ3uCXpiQvgIg41cCzat3VItdB97Lh3jSuH6/qrbtlyUV0jE7QOXJRE7XQA2qjDiIoRm/oHX1Yn9Z3wfySxWrBWt7UUG4K5R/1WLSt</latexit>R17,17

-1.5e-13

-1e-13

-5e-14

0

5e-14

1e-13

1.5e-13

0 0.25 0.5 0.75 1

minimax

-6e-14

-4e-14

-2e-14

0

2e-14

4e-14

6e-14

0 0.25 0.5 0.75 1

minimax

‣ minimax error           
<latexit sha1_base64="3Es7RaomH/OPdrrDr456468C/mk=">AAACUHicbVDLThtBEOw1gYB5xCZHLqNYEVywdpEJOeRgKReORsKAhI01O27bI+axmukNslb+lFzD/3DLn3ALY2MENmlpNKWqalWr0kxJT3H8NyqtfFhd+7i+Ud7c2t75VKnuXnibO4FtYZV1Vyn3qKTBNklSeJU55DpVeJne/pzql7/QeWnNOY0z7Go+NHIgBadA9SrVRj3uiL4llsQ3xWFyPOlVanE9ng17D5I5qMF8Wr1qtN/pW5FrNCQU9/46iTPqFtyRFAon5U7uMePilg/xOkDDNfpuMbt9wr4Gps8G1oVniM3YtxsF196PdRqcmtPIL2tT8r9aqpeSafC9W0iT5YRGPAcPcsXIsmkxrC8dClLjALhwMtzOxIg7LijUt5iqhjYYRosBr7QUiwKaXEtCPa02WS7yPbg4qiff6sdnjVrzx7zkddiDL3AACZxAE06hBW0QcAe/4Q/cRw/RY/SvFD1bX374DAtTKj8BUsGzwQ==</latexit>

4.0 · 10�15 ‣ minimax error           
<latexit sha1_base64="/yMZ9Sp5VH0GYbmShF40jPsZtpM=">AAACUHicbVDLThtBEOw1SQDngZ0ccxnFQskl1m4CSQ45IOXCESQMSLZjzY577RHzWM30JrJW/pRc4X+45U9yI7PGCNampdGUqqpVrUpzJT3F8d+osfHk6bPNre3m8xcvX+202q9PvS2cwJ6wyrrzlHtU0mCPJCk8zx1ynSo8Sy9+VPrZL3ReWnNCsxyHmk+MzKTgFKhRq/25uz8QY0ssiX+WH5O9+ajVibvxYtg6SJagA8s5GrWj94OxFYVGQ0Jx7/tJnNOw5I6kUDhvDgqPORcXfIL9AA3X6Ifl4vY52w3MmGXWhWeILdiHGyXX3s90Gpya09SvahX5qJbqlWTKvg1LafKC0Ijb4KxQjCyrimFj6VCQmgXAhZPhdiam3HFBob56qprYYJjWA+5pKeoCmkJLQl1Vm6wWuQ5OP3WTL939473OwfdlyVvwFt7BB0jgKxzAIRxBDwT8hj9wCVfRdfQvumlEt9a7H95AbRrN/1iEs8Q=</latexit>

3.5 · 10�14

‣ rounded coeff. (double) error           ‣ rounded coeff. (double) error           
<latexit sha1_base64="nLmiWX59SCwUHAtN5cyVQ4fIP4k=">AAACUHicbVDLThtBEOx1gBDzssMxlxEWggvWrsXrwAGJS45EwoCEjTU7btsj5rGa6Q2yVv4UruR/cuNPciNjYwQ2tDSaUlW1qlVppqSnOH6KSl8WFpe+Ln8rr6yurW9Uqt8vvc2dwKawyrrrlHtU0mCTJCm8zhxynSq8Su/OxvrVb3ReWnNBwwzbmveN7EnBKVCdSjWpJ/st0bXEkvi22GuMOpVaXI8nwz6CZApqMJ3zTjXaaXWtyDUaEop7f5PEGbUL7kgKhaNyK/eYcXHH+3gToOEafbuY3D5i24Hpsp514RliE/b9RsG190OdBqfmNPDz2pj8VEv1XDL1jtuFNFlOaMRLcC9XjCwbF8O60qEgNQyACyfD7UwMuOOCQn2zqapvg2EwG/BGSzEroMm1JNTjapP5Ij+Cy0Y9Oawf/NqvnZ5MS16GH7AFu5DAEZzCTziHJgi4hwd4hD/R3+hf9FyKXqyvP2zCzJTK/wFNnbO/</latexit>

1.14 · 10�2
<latexit sha1_base64="uAmswVdprJGFV52UYPD6F217KHw=">AAACUHicbVDLbhNBEOw1JCTOAxuOXEZYEVxi7UaAQeIQiUuOjoQfku1Ys+O2PfI8VjO9IGvlT+EK/8ONP+EWxg+U2ElLoylVVatalWZKeorjP1HpydO9/WcHh+Wj45PT55Xqi7a3uRPYElZZ1025RyUNtkiSwm7mkOtUYSedfVnqnW/ovLTmK80zHGg+MXIsBadADSvVpB43+mJkiSXxTXH+aTGs1OJ6vBr2ECQbUIPNNIfV6E1/ZEWu0ZBQ3PteEmc0KLgjKRQuyv3cY8bFjE+wF6DhGv2gWN2+YGeBGbGxdeEZYiv2/kbBtfdznQan5jT1u9qSfFRL9U4yjT8OCmmynNCIdfA4V4wsWxbDRtKhIDUPgAsnw+1MTLnjgkJ926lqYoNhuh1wR0uxLaDJtSTUy2qT3SIfgvZFPflQf3/9rnb5eVPyAbyC1/AWEmjAJVxBE1og4Dv8gJ/wK/od/Y1uS9Ha+v+Hl7A1pfI/XmezyA==</latexit>

1.07 · 10�9

‣ sensitive to coefficient perturbations
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<latexit sha1_base64="/iVYz3BqcKyhSRftwuJ2HoGJdyA=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6EU8VbAf0Jaw2b62i7ubsLsRQshv8ar/x4t/xZObtqBpfbAwzLzHDMP6IaNKO86XVdjY3NreKe6W9sr7B4eV6lFXBZEk0CEBC2TfxwoYFdDRVDPohxIw9xn0/Jf7TO+9glQ0EM86DmHE8VTQCSVYG8qr1IYc6xnBLHlMvcRtXrjN1KvUnYYzH3sduEtQR8tpe1XrbDgOSMRBaMKwUgPXCfUowVJTwiAtDSMFISYveAoDAwXmoEbJPH1qnxpmbE8CaZ7Q9pz9e5FgrlTMfbOZZVWrWkb+q/l8xVlPbkcJFWGkQZCF8SRitg7srBp7TCUQzWIDMJHUZLfJDEtMtCkw78qmgVmY5Q1+aUryAoiIUw08q9ZdLXIddC8b7k3j+umq3rpbllxEx+gEnSMXNVELPaA26iCCYvSG3tGH9Wl9F8wvWawWrOVNDeWmUP4B5kC0pQ==</latexit>J17,17
<latexit sha1_base64="fOvJTpb0HWRZs/WCDPYIuagrf4Y=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6MVjFfsBbQmb7Wu7uLsJuxshhPwWr/p/vPhXPLlpC5rWBwvDzHvMMKwfMqq043xZhY3Nre2d4m5pr7x/cFipHnVVEEkCHRKwQPZ9rIBRAR1NNYN+KAFzn0HPf7nP9N4rSEUD8azjEEYcTwWdUIK1obxKbcixnhHMkqfUS9zmhdtMvUrdaTjzsdeBuwR1tJy2V7XOhuOARByEJgwrNXCdUI8SLDUlDNLSMFIQYvKCpzAwUGAOapTM06f2qWHG9iSQ5gltz9m/FwnmSsXcN5tZVrWqZeS/ms9XnPXkdpRQEUYaBFkYTyJm68DOqrHHVALRLDYAE0lNdpvMsMREmwLzrmwamIVZ3uCXpiQvgIg41cCzat3VItdB97Lh3jSuH6/qrbtlyUV0jE7QOXJRE7XQA2qjDiIoRm/oHX1Yn9Z3wfySxWrBWt7UUG4K5R/1WLSt</latexit>R17,17
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‣ minimax error           
<latexit sha1_base64="3Es7RaomH/OPdrrDr456468C/mk=">AAACUHicbVDLThtBEOw1gYB5xCZHLqNYEVywdpEJOeRgKReORsKAhI01O27bI+axmukNslb+lFzD/3DLn3ALY2MENmlpNKWqalWr0kxJT3H8NyqtfFhd+7i+Ud7c2t75VKnuXnibO4FtYZV1Vyn3qKTBNklSeJU55DpVeJne/pzql7/QeWnNOY0z7Go+NHIgBadA9SrVRj3uiL4llsQ3xWFyPOlVanE9ng17D5I5qMF8Wr1qtN/pW5FrNCQU9/46iTPqFtyRFAon5U7uMePilg/xOkDDNfpuMbt9wr4Gps8G1oVniM3YtxsF196PdRqcmtPIL2tT8r9aqpeSafC9W0iT5YRGPAcPcsXIsmkxrC8dClLjALhwMtzOxIg7LijUt5iqhjYYRosBr7QUiwKaXEtCPa02WS7yPbg4qiff6sdnjVrzx7zkddiDL3AACZxAE06hBW0QcAe/4Q/cRw/RY/SvFD1bX374DAtTKj8BUsGzwQ==</latexit>

4.0 · 10�15 ‣ minimax error           
<latexit sha1_base64="/yMZ9Sp5VH0GYbmShF40jPsZtpM=">AAACUHicbVDLThtBEOw1SQDngZ0ccxnFQskl1m4CSQ45IOXCESQMSLZjzY577RHzWM30JrJW/pRc4X+45U9yI7PGCNampdGUqqpVrUpzJT3F8d+osfHk6bPNre3m8xcvX+202q9PvS2cwJ6wyrrzlHtU0mCPJCk8zx1ynSo8Sy9+VPrZL3ReWnNCsxyHmk+MzKTgFKhRq/25uz8QY0ssiX+WH5O9+ajVibvxYtg6SJagA8s5GrWj94OxFYVGQ0Jx7/tJnNOw5I6kUDhvDgqPORcXfIL9AA3X6Ifl4vY52w3MmGXWhWeILdiHGyXX3s90Gpya09SvahX5qJbqlWTKvg1LafKC0Ijb4KxQjCyrimFj6VCQmgXAhZPhdiam3HFBob56qprYYJjWA+5pKeoCmkJLQl1Vm6wWuQ5OP3WTL939473OwfdlyVvwFt7BB0jgKxzAIRxBDwT8hj9wCVfRdfQvumlEt9a7H95AbRrN/1iEs8Q=</latexit>

3.5 · 10�14

‣ rounded coeff. (double) error           ‣ rounded coeff. (double) error           
<latexit sha1_base64="nLmiWX59SCwUHAtN5cyVQ4fIP4k=">AAACUHicbVDLThtBEOx1gBDzssMxlxEWggvWrsXrwAGJS45EwoCEjTU7btsj5rGa6Q2yVv4UruR/cuNPciNjYwQ2tDSaUlW1qlVppqSnOH6KSl8WFpe+Ln8rr6yurW9Uqt8vvc2dwKawyrrrlHtU0mCTJCm8zhxynSq8Su/OxvrVb3ReWnNBwwzbmveN7EnBKVCdSjWpJ/st0bXEkvi22GuMOpVaXI8nwz6CZApqMJ3zTjXaaXWtyDUaEop7f5PEGbUL7kgKhaNyK/eYcXHH+3gToOEafbuY3D5i24Hpsp514RliE/b9RsG190OdBqfmNPDz2pj8VEv1XDL1jtuFNFlOaMRLcC9XjCwbF8O60qEgNQyACyfD7UwMuOOCQn2zqapvg2EwG/BGSzEroMm1JNTjapP5Ij+Cy0Y9Oawf/NqvnZ5MS16GH7AFu5DAEZzCTziHJgi4hwd4hD/R3+hf9FyKXqyvP2zCzJTK/wFNnbO/</latexit>

1.14 · 10�2
<latexit sha1_base64="uAmswVdprJGFV52UYPD6F217KHw=">AAACUHicbVDLbhNBEOw1JCTOAxuOXEZYEVxi7UaAQeIQiUuOjoQfku1Ys+O2PfI8VjO9IGvlT+EK/8ONP+EWxg+U2ElLoylVVatalWZKeorjP1HpydO9/WcHh+Wj45PT55Xqi7a3uRPYElZZ1025RyUNtkiSwm7mkOtUYSedfVnqnW/ovLTmK80zHGg+MXIsBadADSvVpB43+mJkiSXxTXH+aTGs1OJ6vBr2ECQbUIPNNIfV6E1/ZEWu0ZBQ3PteEmc0KLgjKRQuyv3cY8bFjE+wF6DhGv2gWN2+YGeBGbGxdeEZYiv2/kbBtfdznQan5jT1u9qSfFRL9U4yjT8OCmmynNCIdfA4V4wsWxbDRtKhIDUPgAsnw+1MTLnjgkJ926lqYoNhuh1wR0uxLaDJtSTUy2qT3SIfgvZFPflQf3/9rnb5eVPyAbyC1/AWEmjAJVxBE1og4Dv8gJ/wK/od/Y1uS9Ha+v+Hl7A1pfI/XmezyA==</latexit>

1.07 · 10�9

‣ fpminimax introduces two spurious poles, but…           ‣ fpminimax recovers lost accuracy, with error          
<latexit sha1_base64="a5kPd30kQnSGUz43XFZ+v3JoNZM=">AAACUXicbVBNSyNBEK0ZddfPNerRS2OQ3YthRqLuYQ+CF48KRgUTQ0+nkjT2x9BdsxiG/BWv+n88+VO82YkBTfRBweO9Kl7xslxJT0nyEsVz8ws/fi4uLa+srv1ar2xsXnpbOIENYZV11xn3qKTBBklSeJ075DpTeJXdnYz8q//ovLTmggY5tjTvGdmVglOQ2pXNei05aIqOJZYmt+VeWh+2K9WklozBvpJ0QqowwVl7I/rd7FhRaDQkFPf+Jk1yapXckRQKh8vNwmPOxR3v4U2ghmv0rXL8/JDtBqXDutaFMcTG6ueLkmvvBzoLm5pT3896I/FbL9MzydT92yqlyQtCI96Du4ViZNmoGdaRDgWpQSBcOBl+Z6LPHRcU+ptOVT0bFvrTAR+yFNMGmkJLQj2qNp0t8iu53K+lh7WD83r1+N+k5EXYhh34AykcwTGcwhk0QMA9PMAjPEXP0WsMcfy+GkeTmy2YQrzyBrkdswA=</latexit>

4.05 · 10�14

‣ sensitive to coefficient perturbations
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<latexit sha1_base64="/iVYz3BqcKyhSRftwuJ2HoGJdyA=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6EU8VbAf0Jaw2b62i7ubsLsRQshv8ar/x4t/xZObtqBpfbAwzLzHDMP6IaNKO86XVdjY3NreKe6W9sr7B4eV6lFXBZEk0CEBC2TfxwoYFdDRVDPohxIw9xn0/Jf7TO+9glQ0EM86DmHE8VTQCSVYG8qr1IYc6xnBLHlMvcRtXrjN1KvUnYYzH3sduEtQR8tpe1XrbDgOSMRBaMKwUgPXCfUowVJTwiAtDSMFISYveAoDAwXmoEbJPH1qnxpmbE8CaZ7Q9pz9e5FgrlTMfbOZZVWrWkb+q/l8xVlPbkcJFWGkQZCF8SRitg7srBp7TCUQzWIDMJHUZLfJDEtMtCkw78qmgVmY5Q1+aUryAoiIUw08q9ZdLXIddC8b7k3j+umq3rpbllxEx+gEnSMXNVELPaA26iCCYvSG3tGH9Wl9F8wvWawWrOVNDeWmUP4B5kC0pQ==</latexit>J17,17
<latexit sha1_base64="fOvJTpb0HWRZs/WCDPYIuagrf4Y=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6MVjFfsBbQmb7Wu7uLsJuxshhPwWr/p/vPhXPLlpC5rWBwvDzHvMMKwfMqq043xZhY3Nre2d4m5pr7x/cFipHnVVEEkCHRKwQPZ9rIBRAR1NNYN+KAFzn0HPf7nP9N4rSEUD8azjEEYcTwWdUIK1obxKbcixnhHMkqfUS9zmhdtMvUrdaTjzsdeBuwR1tJy2V7XOhuOARByEJgwrNXCdUI8SLDUlDNLSMFIQYvKCpzAwUGAOapTM06f2qWHG9iSQ5gltz9m/FwnmSsXcN5tZVrWqZeS/ms9XnPXkdpRQEUYaBFkYTyJm68DOqrHHVALRLDYAE0lNdpvMsMREmwLzrmwamIVZ3uCXpiQvgIg41cCzat3VItdB97Lh3jSuH6/qrbtlyUV0jE7QOXJRE7XQA2qjDiIoRm/oHX1Yn9Z3wfySxWrBWt7UUG4K5R/1WLSt</latexit>R17,17
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‣ minimax error           
<latexit sha1_base64="3Es7RaomH/OPdrrDr456468C/mk=">AAACUHicbVDLThtBEOw1gYB5xCZHLqNYEVywdpEJOeRgKReORsKAhI01O27bI+axmukNslb+lFzD/3DLn3ALY2MENmlpNKWqalWr0kxJT3H8NyqtfFhd+7i+Ud7c2t75VKnuXnibO4FtYZV1Vyn3qKTBNklSeJU55DpVeJne/pzql7/QeWnNOY0z7Go+NHIgBadA9SrVRj3uiL4llsQ3xWFyPOlVanE9ng17D5I5qMF8Wr1qtN/pW5FrNCQU9/46iTPqFtyRFAon5U7uMePilg/xOkDDNfpuMbt9wr4Gps8G1oVniM3YtxsF196PdRqcmtPIL2tT8r9aqpeSafC9W0iT5YRGPAcPcsXIsmkxrC8dClLjALhwMtzOxIg7LijUt5iqhjYYRosBr7QUiwKaXEtCPa02WS7yPbg4qiff6sdnjVrzx7zkddiDL3AACZxAE06hBW0QcAe/4Q/cRw/RY/SvFD1bX374DAtTKj8BUsGzwQ==</latexit>

4.0 · 10�15 ‣ minimax error           
<latexit sha1_base64="/yMZ9Sp5VH0GYbmShF40jPsZtpM=">AAACUHicbVDLThtBEOw1SQDngZ0ccxnFQskl1m4CSQ45IOXCESQMSLZjzY577RHzWM30JrJW/pRc4X+45U9yI7PGCNampdGUqqpVrUpzJT3F8d+osfHk6bPNre3m8xcvX+202q9PvS2cwJ6wyrrzlHtU0mCPJCk8zx1ynSo8Sy9+VPrZL3ReWnNCsxyHmk+MzKTgFKhRq/25uz8QY0ssiX+WH5O9+ajVibvxYtg6SJagA8s5GrWj94OxFYVGQ0Jx7/tJnNOw5I6kUDhvDgqPORcXfIL9AA3X6Ifl4vY52w3MmGXWhWeILdiHGyXX3s90Gpya09SvahX5qJbqlWTKvg1LafKC0Ijb4KxQjCyrimFj6VCQmgXAhZPhdiam3HFBob56qprYYJjWA+5pKeoCmkJLQl1Vm6wWuQ5OP3WTL939473OwfdlyVvwFt7BB0jgKxzAIRxBDwT8hj9wCVfRdfQvumlEt9a7H95AbRrN/1iEs8Q=</latexit>

3.5 · 10�14

‣ rounded coeff. (double) error           ‣ rounded coeff. (double) error           
<latexit sha1_base64="nLmiWX59SCwUHAtN5cyVQ4fIP4k=">AAACUHicbVDLThtBEOx1gBDzssMxlxEWggvWrsXrwAGJS45EwoCEjTU7btsj5rGa6Q2yVv4UruR/cuNPciNjYwQ2tDSaUlW1qlVppqSnOH6KSl8WFpe+Ln8rr6yurW9Uqt8vvc2dwKawyrrrlHtU0mCTJCm8zhxynSq8Su/OxvrVb3ReWnNBwwzbmveN7EnBKVCdSjWpJ/st0bXEkvi22GuMOpVaXI8nwz6CZApqMJ3zTjXaaXWtyDUaEop7f5PEGbUL7kgKhaNyK/eYcXHH+3gToOEafbuY3D5i24Hpsp514RliE/b9RsG190OdBqfmNPDz2pj8VEv1XDL1jtuFNFlOaMRLcC9XjCwbF8O60qEgNQyACyfD7UwMuOOCQn2zqapvg2EwG/BGSzEroMm1JNTjapP5Ij+Cy0Y9Oawf/NqvnZ5MS16GH7AFu5DAEZzCTziHJgi4hwd4hD/R3+hf9FyKXqyvP2zCzJTK/wFNnbO/</latexit>

1.14 · 10�2
<latexit sha1_base64="uAmswVdprJGFV52UYPD6F217KHw=">AAACUHicbVDLbhNBEOw1JCTOAxuOXEZYEVxi7UaAQeIQiUuOjoQfku1Ys+O2PfI8VjO9IGvlT+EK/8ONP+EWxg+U2ElLoylVVatalWZKeorjP1HpydO9/WcHh+Wj45PT55Xqi7a3uRPYElZZ1025RyUNtkiSwm7mkOtUYSedfVnqnW/ovLTmK80zHGg+MXIsBadADSvVpB43+mJkiSXxTXH+aTGs1OJ6vBr2ECQbUIPNNIfV6E1/ZEWu0ZBQ3PteEmc0KLgjKRQuyv3cY8bFjE+wF6DhGv2gWN2+YGeBGbGxdeEZYiv2/kbBtfdznQan5jT1u9qSfFRL9U4yjT8OCmmynNCIdfA4V4wsWxbDRtKhIDUPgAsnw+1MTLnjgkJ926lqYoNhuh1wR0uxLaDJtSTUy2qT3SIfgvZFPflQf3/9rnb5eVPyAbyC1/AWEmjAJVxBE1og4Dv8gJ/wK/od/Y1uS9Ha+v+Hl7A1pfI/XmezyA==</latexit>

1.07 · 10�9

‣ fpminimax introduces two spurious poles, but…           ‣ fpminimax recovers lost accuracy, with error          
<latexit sha1_base64="a5kPd30kQnSGUz43XFZ+v3JoNZM=">AAACUXicbVBNSyNBEK0ZddfPNerRS2OQ3YthRqLuYQ+CF48KRgUTQ0+nkjT2x9BdsxiG/BWv+n88+VO82YkBTfRBweO9Kl7xslxJT0nyEsVz8ws/fi4uLa+srv1ar2xsXnpbOIENYZV11xn3qKTBBklSeJ075DpTeJXdnYz8q//ovLTmggY5tjTvGdmVglOQ2pXNei05aIqOJZYmt+VeWh+2K9WklozBvpJ0QqowwVl7I/rd7FhRaDQkFPf+Jk1yapXckRQKh8vNwmPOxR3v4U2ghmv0rXL8/JDtBqXDutaFMcTG6ueLkmvvBzoLm5pT3896I/FbL9MzydT92yqlyQtCI96Du4ViZNmoGdaRDgWpQSBcOBl+Z6LPHRcU+ptOVT0bFvrTAR+yFNMGmkJLQj2qNp0t8iu53K+lh7WD83r1+N+k5EXYhh34AykcwTGcwhk0QMA9PMAjPEXP0WsMcfy+GkeTmy2YQrzyBrkdswA=</latexit>

4.05 · 10�14

‣ … normalization search removes them, error 
<latexit sha1_base64="Q92b0b0WMInGUutAtUySEKLgMV8=">AAACUXicbVDLThtBEOxdAuGNIcdcRlgILlg7EEgOHJByyREkDEjYWLPjtj1iHquZXhRr5V/JFf4np3xKbhkbS2CTkloqVXWrWpUXWgXKsj9JuvBhcenj8srq2vrG5lZte+c6uNJLbEqnnb/NRUCtLDZJkcbbwqMwucab/OH72L95RB+Us1c0LLBtRN+qnpKCotSp7fAGP2nJriPGs/vqkB+POrV61sgmYO8Jn5I6THHR2U72W10nS4OWpBYh3PGsoHYlPCmpcbTaKgMWQj6IPt5FaoXB0K4mz4/YXlS6rOd8HEtsor69qIQJYWjyuGkEDcK8Nxb/6+VmLpl639qVskVJaOVLcK/UjBwbN8O6yqMkPYxESK/i70wOhBeSYn+zqbrv4sJgNuBVVnLWQFsaRWjG1fL5It+T66MGP22cXH6pn59NS16Gz7ALB8DhK5zDD7iAJkj4Cb/gCZ6T38nfFNL0ZTVNpjefYAbp2j+zarL9</latexit>

1.15 · 10�13 ‣ normalization search reduces error to 
<latexit sha1_base64="9NrzT5I9Ukgkt81K6Yt8S586gTE=">AAACUXicbVDLThtBEOzdBOIAIcYcuYxioeQSaxdI4JCDJS4cHQkDEl6s2XHbHjGP1UxvFGvlX+Ga/E9O+ZTcMjaWyJqU1FKpqlvVqrxQ0lOS/I7iFy83Nl81Xm9t77zZfdvca115WzqBfWGVdTc596ikwT5JUnhTOOQ6V3id358v/Otv6Ly05pJmBWaaT4wcS8EpSMNm67hzlg7EyBJLk7vqY3oyHzbbSSdZgj0n6Yq0YYXecC96PxhZUWo0JBT3/jZNCsoq7kgKhfOtQemx4OKeT/A2UMM1+qxaPj9nh0EZsbF1YQyxpfrvRcW19zOdh03NaerXvYX4Xy/Xa8k0PssqaYqS0IjH4HGpGFm2aIaNpENBahYIF06G35mYcscFhf7qqWpiw8K0HvAkS1E30JRaEupFtel6kc/J1VEn/dz59PWk3f2yKrkBB/AOPkAKp9CFC+hBHwR8hwf4AT+jX9GfGOL4cTWOVjf7UEO8/Re+2rMD</latexit>

3.81 · 10�14

‣ sensitive to coefficient perturbations



Another Example: Inverse Langevin Function

9

<latexit sha1_base64="/iVYz3BqcKyhSRftwuJ2HoGJdyA=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6EU8VbAf0Jaw2b62i7ubsLsRQshv8ar/x4t/xZObtqBpfbAwzLzHDMP6IaNKO86XVdjY3NreKe6W9sr7B4eV6lFXBZEk0CEBC2TfxwoYFdDRVDPohxIw9xn0/Jf7TO+9glQ0EM86DmHE8VTQCSVYG8qr1IYc6xnBLHlMvcRtXrjN1KvUnYYzH3sduEtQR8tpe1XrbDgOSMRBaMKwUgPXCfUowVJTwiAtDSMFISYveAoDAwXmoEbJPH1qnxpmbE8CaZ7Q9pz9e5FgrlTMfbOZZVWrWkb+q/l8xVlPbkcJFWGkQZCF8SRitg7srBp7TCUQzWIDMJHUZLfJDEtMtCkw78qmgVmY5Q1+aUryAoiIUw08q9ZdLXIddC8b7k3j+umq3rpbllxEx+gEnSMXNVELPaA26iCCYvSG3tGH9Wl9F8wvWawWrOVNDeWmUP4B5kC0pQ==</latexit>J17,17
<latexit sha1_base64="fOvJTpb0HWRZs/WCDPYIuagrf4Y=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6MVjFfsBbQmb7Wu7uLsJuxshhPwWr/p/vPhXPLlpC5rWBwvDzHvMMKwfMqq043xZhY3Nre2d4m5pr7x/cFipHnVVEEkCHRKwQPZ9rIBRAR1NNYN+KAFzn0HPf7nP9N4rSEUD8azjEEYcTwWdUIK1obxKbcixnhHMkqfUS9zmhdtMvUrdaTjzsdeBuwR1tJy2V7XOhuOARByEJgwrNXCdUI8SLDUlDNLSMFIQYvKCpzAwUGAOapTM06f2qWHG9iSQ5gltz9m/FwnmSsXcN5tZVrWqZeS/ms9XnPXkdpRQEUYaBFkYTyJm68DOqrHHVALRLDYAE0lNdpvMsMREmwLzrmwamIVZ3uCXpiQvgIg41cCzat3VItdB97Lh3jSuH6/qrbtlyUV0jE7QOXJRE7XQA2qjDiIoRm/oHX1Yn9Z3wfySxWrBWt7UUG4K5R/1WLSt</latexit>R17,17
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‣ minimax error           
<latexit sha1_base64="3Es7RaomH/OPdrrDr456468C/mk=">AAACUHicbVDLThtBEOw1gYB5xCZHLqNYEVywdpEJOeRgKReORsKAhI01O27bI+axmukNslb+lFzD/3DLn3ALY2MENmlpNKWqalWr0kxJT3H8NyqtfFhd+7i+Ud7c2t75VKnuXnibO4FtYZV1Vyn3qKTBNklSeJU55DpVeJne/pzql7/QeWnNOY0z7Go+NHIgBadA9SrVRj3uiL4llsQ3xWFyPOlVanE9ng17D5I5qMF8Wr1qtN/pW5FrNCQU9/46iTPqFtyRFAon5U7uMePilg/xOkDDNfpuMbt9wr4Gps8G1oVniM3YtxsF196PdRqcmtPIL2tT8r9aqpeSafC9W0iT5YRGPAcPcsXIsmkxrC8dClLjALhwMtzOxIg7LijUt5iqhjYYRosBr7QUiwKaXEtCPa02WS7yPbg4qiff6sdnjVrzx7zkddiDL3AACZxAE06hBW0QcAe/4Q/cRw/RY/SvFD1bX374DAtTKj8BUsGzwQ==</latexit>

4.0 · 10�15 ‣ minimax error           
<latexit sha1_base64="/yMZ9Sp5VH0GYbmShF40jPsZtpM=">AAACUHicbVDLThtBEOw1SQDngZ0ccxnFQskl1m4CSQ45IOXCESQMSLZjzY577RHzWM30JrJW/pRc4X+45U9yI7PGCNampdGUqqpVrUpzJT3F8d+osfHk6bPNre3m8xcvX+202q9PvS2cwJ6wyrrzlHtU0mCPJCk8zx1ynSo8Sy9+VPrZL3ReWnNCsxyHmk+MzKTgFKhRq/25uz8QY0ssiX+WH5O9+ajVibvxYtg6SJagA8s5GrWj94OxFYVGQ0Jx7/tJnNOw5I6kUDhvDgqPORcXfIL9AA3X6Ifl4vY52w3MmGXWhWeILdiHGyXX3s90Gpya09SvahX5qJbqlWTKvg1LafKC0Ijb4KxQjCyrimFj6VCQmgXAhZPhdiam3HFBob56qprYYJjWA+5pKeoCmkJLQl1Vm6wWuQ5OP3WTL939473OwfdlyVvwFt7BB0jgKxzAIRxBDwT8hj9wCVfRdfQvumlEt9a7H95AbRrN/1iEs8Q=</latexit>

3.5 · 10�14

‣ rounded coeff. (double) error           ‣ rounded coeff. (double) error           
<latexit sha1_base64="nLmiWX59SCwUHAtN5cyVQ4fIP4k=">AAACUHicbVDLThtBEOx1gBDzssMxlxEWggvWrsXrwAGJS45EwoCEjTU7btsj5rGa6Q2yVv4UruR/cuNPciNjYwQ2tDSaUlW1qlVppqSnOH6KSl8WFpe+Ln8rr6yurW9Uqt8vvc2dwKawyrrrlHtU0mCTJCm8zhxynSq8Su/OxvrVb3ReWnNBwwzbmveN7EnBKVCdSjWpJ/st0bXEkvi22GuMOpVaXI8nwz6CZApqMJ3zTjXaaXWtyDUaEop7f5PEGbUL7kgKhaNyK/eYcXHH+3gToOEafbuY3D5i24Hpsp514RliE/b9RsG190OdBqfmNPDz2pj8VEv1XDL1jtuFNFlOaMRLcC9XjCwbF8O60qEgNQyACyfD7UwMuOOCQn2zqapvg2EwG/BGSzEroMm1JNTjapP5Ij+Cy0Y9Oawf/NqvnZ5MS16GH7AFu5DAEZzCTziHJgi4hwd4hD/R3+hf9FyKXqyvP2zCzJTK/wFNnbO/</latexit>

1.14 · 10�2
<latexit sha1_base64="uAmswVdprJGFV52UYPD6F217KHw=">AAACUHicbVDLbhNBEOw1JCTOAxuOXEZYEVxi7UaAQeIQiUuOjoQfku1Ys+O2PfI8VjO9IGvlT+EK/8ONP+EWxg+U2ElLoylVVatalWZKeorjP1HpydO9/WcHh+Wj45PT55Xqi7a3uRPYElZZ1025RyUNtkiSwm7mkOtUYSedfVnqnW/ovLTmK80zHGg+MXIsBadADSvVpB43+mJkiSXxTXH+aTGs1OJ6vBr2ECQbUIPNNIfV6E1/ZEWu0ZBQ3PteEmc0KLgjKRQuyv3cY8bFjE+wF6DhGv2gWN2+YGeBGbGxdeEZYiv2/kbBtfdznQan5jT1u9qSfFRL9U4yjT8OCmmynNCIdfA4V4wsWxbDRtKhIDUPgAsnw+1MTLnjgkJ926lqYoNhuh1wR0uxLaDJtSTUy2qT3SIfgvZFPflQf3/9rnb5eVPyAbyC1/AWEmjAJVxBE1og4Dv8gJ/wK/od/Y1uS9Ha+v+Hl7A1pfI/XmezyA==</latexit>

1.07 · 10�9

‣ fpminimax introduces two spurious poles, but…           ‣ fpminimax recovers lost accuracy, with error          
<latexit sha1_base64="a5kPd30kQnSGUz43XFZ+v3JoNZM=">AAACUXicbVBNSyNBEK0ZddfPNerRS2OQ3YthRqLuYQ+CF48KRgUTQ0+nkjT2x9BdsxiG/BWv+n88+VO82YkBTfRBweO9Kl7xslxJT0nyEsVz8ws/fi4uLa+srv1ar2xsXnpbOIENYZV11xn3qKTBBklSeJ075DpTeJXdnYz8q//ovLTmggY5tjTvGdmVglOQ2pXNei05aIqOJZYmt+VeWh+2K9WklozBvpJ0QqowwVl7I/rd7FhRaDQkFPf+Jk1yapXckRQKh8vNwmPOxR3v4U2ghmv0rXL8/JDtBqXDutaFMcTG6ueLkmvvBzoLm5pT3896I/FbL9MzydT92yqlyQtCI96Du4ViZNmoGdaRDgWpQSBcOBl+Z6LPHRcU+ptOVT0bFvrTAR+yFNMGmkJLQj2qNp0t8iu53K+lh7WD83r1+N+k5EXYhh34AykcwTGcwhk0QMA9PMAjPEXP0WsMcfy+GkeTmy2YQrzyBrkdswA=</latexit>

4.05 · 10�14

‣ … normalization search removes them, error 
<latexit sha1_base64="Q92b0b0WMInGUutAtUySEKLgMV8=">AAACUXicbVDLThtBEOxdAuGNIcdcRlgILlg7EEgOHJByyREkDEjYWLPjtj1iHquZXhRr5V/JFf4np3xKbhkbS2CTkloqVXWrWpUXWgXKsj9JuvBhcenj8srq2vrG5lZte+c6uNJLbEqnnb/NRUCtLDZJkcbbwqMwucab/OH72L95RB+Us1c0LLBtRN+qnpKCotSp7fAGP2nJriPGs/vqkB+POrV61sgmYO8Jn5I6THHR2U72W10nS4OWpBYh3PGsoHYlPCmpcbTaKgMWQj6IPt5FaoXB0K4mz4/YXlS6rOd8HEtsor69qIQJYWjyuGkEDcK8Nxb/6+VmLpl639qVskVJaOVLcK/UjBwbN8O6yqMkPYxESK/i70wOhBeSYn+zqbrv4sJgNuBVVnLWQFsaRWjG1fL5It+T66MGP22cXH6pn59NS16Gz7ALB8DhK5zDD7iAJkj4Cb/gCZ6T38nfFNL0ZTVNpjefYAbp2j+zarL9</latexit>

1.15 · 10�13 ‣ normalization search reduces error to 
<latexit sha1_base64="9NrzT5I9Ukgkt81K6Yt8S586gTE=">AAACUXicbVDLThtBEOzdBOIAIcYcuYxioeQSaxdI4JCDJS4cHQkDEl6s2XHbHjGP1UxvFGvlX+Ga/E9O+ZTcMjaWyJqU1FKpqlvVqrxQ0lOS/I7iFy83Nl81Xm9t77zZfdvca115WzqBfWGVdTc596ikwT5JUnhTOOQ6V3id358v/Otv6Ly05pJmBWaaT4wcS8EpSMNm67hzlg7EyBJLk7vqY3oyHzbbSSdZgj0n6Yq0YYXecC96PxhZUWo0JBT3/jZNCsoq7kgKhfOtQemx4OKeT/A2UMM1+qxaPj9nh0EZsbF1YQyxpfrvRcW19zOdh03NaerXvYX4Xy/Xa8k0PssqaYqS0IjH4HGpGFm2aIaNpENBahYIF06G35mYcscFhf7qqWpiw8K0HvAkS1E30JRaEupFtel6kc/J1VEn/dz59PWk3f2yKrkBB/AOPkAKp9CFC+hBHwR8hwf4AT+jX9GfGOL4cTWOVjf7UEO8/Re+2rMD</latexit>

3.81 · 10�14

What about evaluation errors?‣ sensitive to coefficient perturbations
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<latexit sha1_base64="/iVYz3BqcKyhSRftwuJ2HoGJdyA=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6EU8VbAf0Jaw2b62i7ubsLsRQshv8ar/x4t/xZObtqBpfbAwzLzHDMP6IaNKO86XVdjY3NreKe6W9sr7B4eV6lFXBZEk0CEBC2TfxwoYFdDRVDPohxIw9xn0/Jf7TO+9glQ0EM86DmHE8VTQCSVYG8qr1IYc6xnBLHlMvcRtXrjN1KvUnYYzH3sduEtQR8tpe1XrbDgOSMRBaMKwUgPXCfUowVJTwiAtDSMFISYveAoDAwXmoEbJPH1qnxpmbE8CaZ7Q9pz9e5FgrlTMfbOZZVWrWkb+q/l8xVlPbkcJFWGkQZCF8SRitg7srBp7TCUQzWIDMJHUZLfJDEtMtCkw78qmgVmY5Q1+aUryAoiIUw08q9ZdLXIddC8b7k3j+umq3rpbllxEx+gEnSMXNVELPaA26iCCYvSG3tGH9Wl9F8wvWawWrOVNDeWmUP4B5kC0pQ==</latexit>J17,17
<latexit sha1_base64="fOvJTpb0HWRZs/WCDPYIuagrf4Y=">AAACUnicbVJNS8NAFNzUr1qrtvboJVhED1ISUeux6MVjFfsBbQmb7Wu7uLsJuxshhPwWr/p/vPhXPLlpC5rWBwvDzHvMMKwfMqq043xZhY3Nre2d4m5pr7x/cFipHnVVEEkCHRKwQPZ9rIBRAR1NNYN+KAFzn0HPf7nP9N4rSEUD8azjEEYcTwWdUIK1obxKbcixnhHMkqfUS9zmhdtMvUrdaTjzsdeBuwR1tJy2V7XOhuOARByEJgwrNXCdUI8SLDUlDNLSMFIQYvKCpzAwUGAOapTM06f2qWHG9iSQ5gltz9m/FwnmSsXcN5tZVrWqZeS/ms9XnPXkdpRQEUYaBFkYTyJm68DOqrHHVALRLDYAE0lNdpvMsMREmwLzrmwamIVZ3uCXpiQvgIg41cCzat3VItdB97Lh3jSuH6/qrbtlyUV0jE7QOXJRE7XQA2qjDiIoRm/oHX1Yn9Z3wfySxWrBWt7UUG4K5R/1WLSt</latexit>R17,17
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‣ implementation using Horner scheme with addition and multiplication

‣ sensitivity/ill-conditioning present close to 1
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rounded factorize (R17,17)
rounded factorize (J17,17)

What can we do?

‣ higher precision coefficients + arithmetic (e.g. double-double)

‣ interval subdivision + polynomial approximations

‣ use better-conditioned representations:

‣ barycentric form [1, 2]:
<latexit sha1_base64="58V59KkYrPqmSmV+luS+3KHOKnI="></latexit>

r(x) =

Pm
i=1

pi

x�xiPm
i=1

qi
x�xi

[1] The AAA algorithm for rational approximation, Y. Nakatsukasa and O. Sète and L.N. Trefethen, SIAM Journal of Scientific Computing, Vol. 40, No. 3, pp. A1494—A1522, 2018. 
[2] Rational Minimax Approximation via Adaptive Barycentric Representations, S.-I. Filip and Y. Nakatsukasa and L.N. Trefethen, SIAM Journal of Scientific Computing, Vol. 40, No. 4, pp. A2427—A2455, 2018.

‣factorized representation of numerator and denominator
eight degree two factors + one degree one  

in numerator/denominator

‣ …

‣ …
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‣ introduce generalized rational approximation algorithms
<latexit sha1_base64="e2DcpL6QBA2cB7cBq3JeLcIk9vg=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeA0MFSyMBdGHlEaR47qtVceJbAepRP0SFgYQYuVT2PgbnDYDFI5k6eice3WPT5hwprTjfFmlpeWV1bXyemVjc2u7au/stlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjq9zv/NApWKxuNeThPoRHgo2YARrIwV2tRn0IqxHYZjdTb0rP7BrTt2ZAf0lbkFqUKAZ2J+9fkzSiApNOFbKc51E+xmWmhFOp5VeqmiCyRgPqWeowBFVfjYLPkWHRumjQSzNExrN1J8bGY6UmkShmcxDqkUvF//zvFQPLvyMiSTVVJD5oUHKkY5R3gLqM0mJ5hNDMJHMZEVkhCUm2nRVMSW4i1/+S9rHdfesfnp7UmtcFnWUYR8O4AhcOIcG3EATWkAghSd4gVfr0Xq23qz3+WjJKnb24Besj2+KL5MC</latexit>

PR[B]
<latexit sha1_base64="4wirraNoIRuIjjJX0QIqirIV7CU=">AAACPnicbVDLSsNAFJ3UV62Ptrpw4SZYBFclEV8rKQrisoJ9QBrCZHrbDp2ZhJmJUEK+xK3+h7/hD7gTty6dPhb2ceDC4Zx7uYcTxowq7TifVm5tfWNzK79d2Nnd2y+WygdNFSWSQINELJLtECtgVEBDU82gHUvAPGTQCof3Y7/1AlLRSDzrUQw+x31Be5RgbaSgVKwHHY71IAzTh8y784NSxak6E9jLxJ2RCpqhHpSto043IgkHoQnDSnmuE2s/xVJTwiArdBIFMSZD3AfPUIE5KD+dJM/sU6N07V4kzQhtT9T/FynmSo14aDbHKdWiNxZXeV6iezd+SkWcaBBk+qiXMFtH9rgGu0slEM1GhmAiqclqkwGWmGhT1vwX1o/MwoBnq2VK5g0QCacaeGaqdBeLWybN86p7Vb18uqjUbmel5tExOkFnyEXXqIYeUR01EEEJekVv6N36sL6sb+tnupqzZjeHaA7W7x83Za+2</latexit>

PF[B]: minimax : fpminimax

‣C++ implementation (library + standalone executable)

Repository link:

‣ eases exploration of polynomial vs rational in libm design contexts
➡ regarding latency and throughput of division (from [1]):

This must be taken into account … when hesitating between … a polynomial or rational function.  
There is a chicken-or-egg issue here: … programmers … tend to avoid using [division], and since it is  
less used, computer manufacturers do not make the necessary efforts to significantly accelerate it.

[1] Floating-point arithmetic, S. Boldo and C.-P. Jeannerod and G. Melquiond and J.-M. Muller, Acta Numerica, 32:203–290, 2023.
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‣ introduce generalized rational approximation algorithms
<latexit sha1_base64="e2DcpL6QBA2cB7cBq3JeLcIk9vg=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeA0MFSyMBdGHlEaR47qtVceJbAepRP0SFgYQYuVT2PgbnDYDFI5k6eice3WPT5hwprTjfFmlpeWV1bXyemVjc2u7au/stlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjq9zv/NApWKxuNeThPoRHgo2YARrIwV2tRn0IqxHYZjdTb0rP7BrTt2ZAf0lbkFqUKAZ2J+9fkzSiApNOFbKc51E+xmWmhFOp5VeqmiCyRgPqWeowBFVfjYLPkWHRumjQSzNExrN1J8bGY6UmkShmcxDqkUvF//zvFQPLvyMiSTVVJD5oUHKkY5R3gLqM0mJ5hNDMJHMZEVkhCUm2nRVMSW4i1/+S9rHdfesfnp7UmtcFnWUYR8O4AhcOIcG3EATWkAghSd4gVfr0Xq23qz3+WjJKnb24Besj2+KL5MC</latexit>

PR[B]
<latexit sha1_base64="4wirraNoIRuIjjJX0QIqirIV7CU=">AAACPnicbVDLSsNAFJ3UV62Ptrpw4SZYBFclEV8rKQrisoJ9QBrCZHrbDp2ZhJmJUEK+xK3+h7/hD7gTty6dPhb2ceDC4Zx7uYcTxowq7TifVm5tfWNzK79d2Nnd2y+WygdNFSWSQINELJLtECtgVEBDU82gHUvAPGTQCof3Y7/1AlLRSDzrUQw+x31Be5RgbaSgVKwHHY71IAzTh8y784NSxak6E9jLxJ2RCpqhHpSto043IgkHoQnDSnmuE2s/xVJTwiArdBIFMSZD3AfPUIE5KD+dJM/sU6N07V4kzQhtT9T/FynmSo14aDbHKdWiNxZXeV6iezd+SkWcaBBk+qiXMFtH9rgGu0slEM1GhmAiqclqkwGWmGhT1vwX1o/MwoBnq2VK5g0QCacaeGaqdBeLWybN86p7Vb18uqjUbmel5tExOkFnyEXXqIYeUR01EEEJekVv6N36sL6sb+tnupqzZjeHaA7W7x83Za+2</latexit>

PF[B]: minimax : fpminimax

‣C++ implementation (library + standalone executable)

Repository link:

‣ eases exploration of polynomial vs rational in libm design contexts

TODOs
‣ possible integration into Sollya

‣ optimize normalization factor search procedure

‣ explore & optimize different rewritings of <latexit sha1_base64="t/HjGFnAxLggTwXBQnvE1YuECk8=">AAACPnicbVDLSgMxFE3qq9ZXq0s3g0V0VWbE17LoxmUL9gHtUDLpnTY0yQxJRihDv8Ct/o+/4Q+4E7cuTdsBbeuBC4dz7uVcThBzpo3rvuPc2vrG5lZ+u7Czu7d/UCwdNnWUKAoNGvFItQOigTMJDcMMh3asgIiAQysY3U/91hMozSL5aMYx+IIMJAsZJcZKddUrlt2KO4OzSryMlFGGWq+Ez7r9iCYCpKGcaN3x3Nj4KVGGUQ6TQjfREBM6IgPoWCqJAO2ns08nzqlV+k4YKTvSODP170VKhNZjEdhNQcxQL3tT8V8vEEvJJrz1UybjxICk8+Aw4Y6JnGkNTp8poIaPLSFUMfu7Q4dEEWpsWYupfBDZheFiwK/M6KIBMhHMgJjYar3lIldJ86LiXVeu6pfl6l1Wch4doxN0jjx0g6roAdVQA1EE6Bm9oFf8hj/wJ/6ar+ZwdnOEFoC/fwAFSrBk</latexit>r

‣multivariate approximation problems

‣…

➡ regarding latency and throughput of division (from [1]):

This must be taken into account … when hesitating between … a polynomial or rational function.  
There is a chicken-or-egg issue here: … programmers … tend to avoid using [division], and since it is  
less used, computer manufacturers do not make the necessary efforts to significantly accelerate it.

[1] Floating-point arithmetic, S. Boldo and C.-P. Jeannerod and G. Melquiond and J.-M. Muller, Acta Numerica, 32:203–290, 2023.
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‣ introduce generalized rational approximation algorithms
<latexit sha1_base64="e2DcpL6QBA2cB7cBq3JeLcIk9vg=">AAAB+HicbVC7TsMwFL0pr1IeDTCyWFRITFWCeA0MFSyMBdGHlEaR47qtVceJbAepRP0SFgYQYuVT2PgbnDYDFI5k6eice3WPT5hwprTjfFmlpeWV1bXyemVjc2u7au/stlWcSkJbJOax7IZYUc4EbWmmOe0mkuIo5LQTjq9zv/NApWKxuNeThPoRHgo2YARrIwV2tRn0IqxHYZjdTb0rP7BrTt2ZAf0lbkFqUKAZ2J+9fkzSiApNOFbKc51E+xmWmhFOp5VeqmiCyRgPqWeowBFVfjYLPkWHRumjQSzNExrN1J8bGY6UmkShmcxDqkUvF//zvFQPLvyMiSTVVJD5oUHKkY5R3gLqM0mJ5hNDMJHMZEVkhCUm2nRVMSW4i1/+S9rHdfesfnp7UmtcFnWUYR8O4AhcOIcG3EATWkAghSd4gVfr0Xq23qz3+WjJKnb24Besj2+KL5MC</latexit>

PR[B]
<latexit sha1_base64="4wirraNoIRuIjjJX0QIqirIV7CU=">AAACPnicbVDLSsNAFJ3UV62Ptrpw4SZYBFclEV8rKQrisoJ9QBrCZHrbDp2ZhJmJUEK+xK3+h7/hD7gTty6dPhb2ceDC4Zx7uYcTxowq7TifVm5tfWNzK79d2Nnd2y+WygdNFSWSQINELJLtECtgVEBDU82gHUvAPGTQCof3Y7/1AlLRSDzrUQw+x31Be5RgbaSgVKwHHY71IAzTh8y784NSxak6E9jLxJ2RCpqhHpSto043IgkHoQnDSnmuE2s/xVJTwiArdBIFMSZD3AfPUIE5KD+dJM/sU6N07V4kzQhtT9T/FynmSo14aDbHKdWiNxZXeV6iezd+SkWcaBBk+qiXMFtH9rgGu0slEM1GhmAiqclqkwGWmGhT1vwX1o/MwoBnq2VK5g0QCacaeGaqdBeLWybN86p7Vb18uqjUbmel5tExOkFnyEXXqIYeUR01EEEJekVv6N36sL6sb+tnupqzZjeHaA7W7x83Za+2</latexit>

PF[B]: minimax : fpminimax

‣C++ implementation (library + standalone executable)

Repository link:

‣ eases exploration of polynomial vs rational in libm design contexts

TODOs
‣ possible integration into Sollya

‣ optimize normalization factor search procedure

‣ explore & optimize different rewritings of <latexit sha1_base64="t/HjGFnAxLggTwXBQnvE1YuECk8=">AAACPnicbVDLSgMxFE3qq9ZXq0s3g0V0VWbE17LoxmUL9gHtUDLpnTY0yQxJRihDv8Ct/o+/4Q+4E7cuTdsBbeuBC4dz7uVcThBzpo3rvuPc2vrG5lZ+u7Czu7d/UCwdNnWUKAoNGvFItQOigTMJDcMMh3asgIiAQysY3U/91hMozSL5aMYx+IIMJAsZJcZKddUrlt2KO4OzSryMlFGGWq+Ez7r9iCYCpKGcaN3x3Nj4KVGGUQ6TQjfREBM6IgPoWCqJAO2ns08nzqlV+k4YKTvSODP170VKhNZjEdhNQcxQL3tT8V8vEEvJJrz1UybjxICk8+Aw4Y6JnGkNTp8poIaPLSFUMfu7Q4dEEWpsWYupfBDZheFiwK/M6KIBMhHMgJjYar3lIldJ86LiXVeu6pfl6l1Wch4doxN0jjx0g6roAdVQA1EE6Bm9oFf8hj/wJ/6ar+ZwdnOEFoC/fwAFSrBk</latexit>r

‣multivariate approximation problems

‣…
Thank you! Questions?

➡ regarding latency and throughput of division (from [1]):

This must be taken into account … when hesitating between … a polynomial or rational function.  
There is a chicken-or-egg issue here: … programmers … tend to avoid using [division], and since it is  
less used, computer manufacturers do not make the necessary efforts to significantly accelerate it.

[1] Floating-point arithmetic, S. Boldo and C.-P. Jeannerod and G. Melquiond and J.-M. Muller, Acta Numerica, 32:203–290, 2023.


